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1. Introduction

A Nash equilibrium of a normal-form game G is essential if it is
robust to perturbations of G. For generic games in the collection of
all finite-action games with fixed action spaces, all Nash equilibria
are essential (¢f. Wu and Jiang, 1962). This result has been ex-
tended to infinite-action games (e.g., Yu, 1999, Carbonell-Nicolau,
2010, 2015, and Scalzo, 2013). Yu (1999) allows for perturbed
action spaces and payoff functions, but requires continuity of pay-
off functions. Carbonell-Nicolau (2010, 2015) and Scalzo (2013)
allow for discontinuous payoffs but require fixed action spaces. In
this paper we extend the results in Carbonell-Nicolau (2010) by
allowing for perturbed payoffs and actions.

The notion of perturbed game used in this note differs from
the definition adopted in Yu (1999). We argue in Section 2 that,
in the presence of payoff discontinuities, perturbing actions and
payoffsasinYu (1999) poses problems. In fact, under Yu's approach
it is easy to construct games whose perturbations do not include
strategies that are of particular strategic significance to the players.
Our discussion in Section 2 is framed in terms of a very simple
example, which showcases the difficulties of the Yu approach and
illustrates the intuitive appeal of the definition of a perturbed game
proposed here.
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2. Preliminaries

Anormal-form game (or simply a game) G = (X;, ui)f’: , consists
of a finite number N of players, a nonempty set of actions X; for each
player i, and a payoff function u; : X — R for each player i defined
on the set of action profiles X := x}"zlxj.

For each player i, let X; be a nonempty, compact, convex subset
of a metric vector space. Let X = ><,N: 1X; be endowed with
the associated product topology. The sets Xy, ..., Xy will be fixed
throughout the analysis. Let B(X) denote the set of bounded maps
f : X — R.LetK(X;)denote the hyperspace of nonempty, compact,
and convex subsets of X;. Define

Gy == (x[LK(X)) x BEX).

A typical member of Gy is denoted (Y,u) = (Y1,...,Yn, us,
..., uy)and can be viewed as a normal-form game (Y;, u;| .~ 1,,},)?’:1.
=

In Yu (1999), the space B(X)" is endowed with the metric yy :
B(X)N x BXX)N — R defined by

v (U, - uw), (vr, . on)) = ) suplui(x) — vilx)l, (1)
ien XX
and, for each i, the space K(X;) is endowed with the Hausdorff
metric topology. The associated product metric space Gy, endowed
with the corresponding product topology, constitutes the space of
games considered in Yu (1999). This topology defines the notion
of perturbed game used in Yu (1999), and we wish to argue here
that this notion is not appropriate in the presence of payoff dis-
continuities. To illustrate, consider the one-person game ([0, 1], u),
where u(x) := 0ifx € [0, 1) and u(1) := 1, and the sequence
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(lo,1— %], u), which converges to ([0, 1], u). Arguably, the strat-
egy x = 1, which dominates every other strategy, is particularly
important in this game, and it seems hard to justify an approx-
imation that does not include this strategy or another strategy
that plays a similar role. In particular, the games ([0, 1], u) and
([0, 1-— %], u) appear markedly dissimilar, even for large n, and
the sequence ([0, 1 — 1], u) does not seem to well-approximate
([0, 1],u)." By contrast, the sequence ([0,1— 1],v"), where
v'(x) == 0ifx € [0,1— Dand v"(x) = 1— lifx e [1 -1 1]
seems to better approximate ([0, 1], u) (for large n). Note that for
the above topology, while the sequence ([O, 1-— %], u) converges
to ([0, 1], u), the sequence ([0, 1 — 1], v") does not converge to
([0, 1], u). In the next paragraph, we define a topology that is
consistent with the idea that games of the form ([0, 1 — 1], v")
are close to ([0, 1], u) (for large n) while games of the form
({0, 1= 11, u) are not.?

Given i and {Y;,Z} < K(X;), let #H(Y;, Z;) be the set of all
homeomorphisms h; from Y; to Z; such that hj(A) C Z; is convex if
and only if A C Y;is convex. Let dx be a compatible metric for X. Let
®x represent the set of normal-form games (V;, u;|, n v )1 1 such

that (Y, u) € Gx. Note that a member of Gx umquely determlnes
a corresponding element of &y, while there is a one-to-many
mapping between &x and Gx. For the members of &y, we write
(Y, il N Y), ; and (Y, u) indistinctly, which entails a slight abuse

of notatjlon Define the map ax : 8x x &x — R U {oo} by
ax((Y,u), (Z, v))

= inf{e >0:3he XLH(Y,-,ZI-) :

xeY xeY

Zsuplu (%) — vi(h(x))| < € and sup dx(h(x), x) < e} ,

if x{.VZIH(Y,-, Z;) # @, and ax((Y, u), (Z, v)) = oo if x}_ H(Y;, Z}) =
. Now define the metric px : &x x&x — Rby px((Y, u), (Z, v)) =
min {ax((Y, u), (Z, v)), 1}.> Throughout the sequel, we endow ®x
with the metric px.

Remark 1. As illustrated by the previous example, the metric px
differs from the Yu metric. This discrepancy can even be found
within the subdomain of continuous games. Indeed, for X := [0, 1]
and arbitrary u, the sequence of games ([0, %], u) in Gx converges
o ({0}, u) in the sense of Yu, and yet this sequence does not
converge with respect to px in &x because none of its members
is homeomorphic to the game ({0}, u). Thus, convergence in the
sense of Yu need not imply convergence with respect to px. The
converse assertion is also true, as illustrated by the discontinuous
game from the previous example.

Definition 1. A correspondence @ : A = B between topological
spaces is upper hemicontinuous at x € Aif the following condition
is satisfied: for every neighborhood Vg (x) of @(x) there is a neigh-
borhood Vj of x such that y € V; implies ®@(y) C V(). @ is upper
hemicontinuous if it is upper hemicontinuous at every point in A.

1 The idea that “good” approximations to an infinite discontinuous game should
include strategies that are of particular strategic significance to the players is
already discussed in Simon (1987) and Reny (2011) in the context of finite strategic
approximations to infinite games.

2 This is in fact an example in which a game with a dominant strategy can only
be approximated, in the new topology, by games with a dominant strategy. This is
obviously false about the Yu topology. We conjecture that this property holds in
general, and we thank an anonymous referee for bringing up this point.

3tis easily seen that px((Y, u), (Z,v)) = 0 < (Y,u) = (Z,v) for all (Y, u) and
(Z, v) in &y. Also, it is clearly the case that px((Y, u), (Z, v)) = px((Z,v), (Y, u))
for all (Y, u) and (Z, v) in &y. To verify that the triangle inequality holds for py,
fix (Y, u), (Y/,u'), and (Y”, u”) in &x and note that given h' € x¥ ,#(Y;, Y/) and

Definition 2. A correspondence @ : A = B between topological
spaces is lower hemicontinuous at x € A if the following condition
is satisfied: for every open set V C Bwith V N @(x) # @ thereis a
neighborhood V, of x such that y € V, implies @(y) NV # @. @ is
lower hemicontinuous if it is lower hemicontinuous at every point
inA.

Definition 3. A strategy profile x = (x;,x_;) in X is a Nash
equilibrium of G = (X;, u,'){."z1 if u;(yi, x_i) < ui(x) for every y; € X;
and i.

One can define the Nash equilibrium correspondence as a set-
valued map

Ex 1By = X

that assigns to each game (Y, u) in &x the set of Nash equilibria of
(Y, u), &(Y, u). Given a family of games & C &y, the restriction of
&x to & is denoted by &x |-

Definition 4. Given a class of games & C &y, a Nash equilibrium
x of (Y, u) € & is an essential equilibrium of (Y, u) relative to &
if for every neighborhood Vi of x there is a neighborhood V(y , of
(Y, u) such that for every (Z,f) € Viy,uy N &, Vx N EX(Z, f) # 0.
Definition 5. Suppose that & C &x. A game (Y, u)in & is essential
relative to & if every pure-strategy Nash equilibrium of (Y, u) is
essential relative to &. When the domain of reference is clear from
the context, we shall simply say that (Y, u) is an essential game.

Remark 2. Suppose that & C &x. A game (Y, u) in & is essential
relative to & if and only if x|y is lower hemicontinuous at (Y, u).

3. The results

The following definition was introduced in Barelli and Soza
(2009).

h? e xN 1Y, Y,
N
Zsup\u X) = u} (R (h' (x)))] = Zsuglui(X)—v{’(X)l
i=1 *€
N
< Z suplui(x) = vi(x)
+ Zsumu(x — v/l
= Zsuglui(X) — (R ()l
() = uf (R (' ()]

+ Ziup\u

= Zsuplu, x) — uj(h'(x))|

'le

Zsuplu X)

—1 xeY’

— uf(F*(x)),

where vj : Y — Y"and v : Y — Y” are defined by
v(x) == ui(h'(x)) and v!(x):= u/(h*(h'(x))),
and

supdy(h*(h'(x)),x) < supdx(h'(x),x)+ sup dy(R*(h'(x)), h'(x))
xeY

xeY

= supdy(h'(x), x)+supdx(h2(x) X).
xeY
Consequently, ax((Y, u), (Y”, u")) < Otx((y u), (Y, u ))+ax((YCU’), (Y, u"))and
so px((Y,u), (Y',u") < pox((Y,u), (Y, u)) + px((Y',u), (Y, u")). Thus, px is
indeed a metric on ®y.
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Definition 6. A game (Y,u) € &y is generalized payoff secure
if foreach e > 0,x € Y, and i, there exist a neighborhood V, of
x in Y and a nonempty-valued, convex-valued, compact-valued,
upper hemicontinuous correspondence @; : V, = Y; such that
ui(z;, y—i) > uj(x) — € foreach z; € ®;(y)and y € V,.

We define &% as the collection of games (Y, u) in & satisfying
the following:

1. (Y, u)is quasiconcave, i.e., for each i and x_; € Y_;, the map
X; — u;(x;, x_;) defined on Y; is quasiconcave;

2. (Y, u)is generalized payoff secure; and

3. Zf';lui is upper semicontinuous on Y.

Theorem 1. Every member of a residual subset of &% is essential.

Remark 3. Remark 4 shows that &y fails to be a complete space.
Consequently, the residual subset of &% given by Theorem 1 cannot
be shown to be dense in &5 as an application of the Baire Category
Theorem. Given any complete subset &, of &x, however, the col-
lection &} N & has the property that every member of a residual,
dense subset of &} N &y is essential (Theorem 2).

To prove Theorem 1, we need three lemmas.
Lemma 1. Each (Y, u) € & has a Nash equilibrium.

Proof. Given (Y, u) € &%, the existence of a Nash equilibrium in
(Y, u) follows from Proposition 4.18 and Corollary 4.5 in Barelli and
Soza (2009). m

Lemma 2. The correspondence £X|®* is compact-valued and upper
hemicontinuous.

Proof. Since X is compact and metric, it suffices to show that & lot
has a closed graph (see, e.g., Aliprantis and Border, 2006, Theorem
17.11). Take a sequence (Y", u") in &%, and take a sequence (x")
such that x" is a Nash equilibrium of (Y", u™) for each n. Suppose
that

(x" (Y" u") > (x, (Y, u)),

for some (x, (Y, u)) € X x &%. We must show that x is a Nash
equilibrium of (Y, u).

First note that because (Y", u") — (Y, u),x" — x,and x" € Y"
for each n, we have x € Y. To see this, observe first that because
(Y™ u") px-converges to (Y, u), there exist n* and a sequence
(8")n>n*, where g" € fo:]H(Yi, Y') for each n > n*, such that
supycydx(g"(y),y) — 0. Consequently, fory € X \'Y, it follows
that Y" N Ng(y) = @ for infinitely many n and for some 8 > 0, and
since x" € Y" for each n and x" — x, we see thatx € Y.

In addition, since (Y", u") — (Y, u), the following holds: for
each n, there exists h" € fo:]H(Yi”, Y;) such that

N
suplu; (W"(0) — u (0] < px (V" 0"

— - xeYyn

1
), (Y, u)) + -
n

and

sup dX (hn(x)a X) = Px ((Yna u"

xeyn

LWJ»+1

n
Moreover, we may write (passing to a subsequence if necessary)
(x", u"(x")) — (x, a) for some & € RN. Now suppose that x is not
a Nash equilibrium of (Y, u). Then, since x € Y, there exist i and
y;i € Y; such that u;(y;, x_;) > u;(x). Suppose first that u;(x) > «;.
Then, since (Y, u) is generalized payoff secure, there exist a neigh-

borhood V(y, x ;) of (yi, Xx—;) in Y and a nonempty-valued, convex-
valued, compact-valued, upper hemicontinuous correspondence

@; : Viy,x_y = Yisuch that u(z{,z_;) > B > «; for each z] € ®y(z)
and z € Vi, x_,and for some 8 € R. Consequently, since h"(x") —
x, for any large enough n we have u;(y}!, h" (x";)) = B > o; for
eachy! € &;(y;, h";(x";)), whence for large enough n, there exists
z' € Y{" such that

u (W (7, )

for some y € R. Hence, because u"(x") — «, we obtain, for
large n, u}(z',x";) > u}(x"), thereby contradicting that x" is a
Nash equilibrium of (Y", u™). Next, suppose that u;(x) < «;. Then,
because u(h"(x")) — «, and since Zj:1”j is upper semicontinuous
on Y, there must exist some j such that uj(x) > «;, and one may
proceed as before to derive a contradiction. M

=u(Z xL) 2y > o

The next lemma is the classic result of Fort (1951) on generic
lower hemicontinuity of nonempty-valued, compact-valued, up-
per hemicontinuous correspondences.

Lemma 3 (Fort, 1951, Theorem 2). Suppose that X is a metric space
and that Y is a topological space. Suppose that F Y = Xis
a nonempty-valued, compact-valued, upper hemicontinuous corre-
spondence. Then there exists a residual subset Q of Y such that F is
lower hemicontinuous at every point in Q.

We are now ready to prove Theorem 1.

Proof of Theorem 1. The correspondence 5x|@;§ is nonempty-

valued (Lemma 1), compact-valued and upper hemicontinuous
(Lemma 2). Consequently, Lemma 3 gives a residual subset £ of
&5 such that leeﬁ* is lower hemicontinuous at every point in Q,
and it follows that for each (Y,u) € 9, any Nash equilibrium of
(Y, u) is essential relative to &% (recall Remark 2). =

Remark 4. If &y were a complete space and &5 were closed in &y,
then &% would be a complete, metric space, hence a Baire space (by
the Baire Category Theorem).* In this case, the set Q in the proof of
Theorem 1, being a residual subset of a Baire space, would be dense,
and so the residual subset given by Theorem 1 would be dense in
&%. Unfortunately, while the set &} is closed in &y, &x fails to
be complete. Indeed, let X := [0, 1] and consider the sequence
of games ([0, %], u) in By. It is easy to see that this sequence is
Cauchy.’ In addition, this sequence has no limit point because none
of its members is homeomorphic to the game ({0}, u).

Theorem 2. Given any complete subspace &} of ®x, every member
of a residual, dense subset of &} N & is essential.

To prove Theorem 2, we need five lemmas.
The proof of the following lemma is analogous to that of
Lemma 2.

Lemma 4. Suppose that & is a complete subspace of ®x. Then the
correspondence Ex |®)*(%;( is compact-valued and upper hemicontinu-
ous.

Lemma 5. Suppose that (Y",
(Y™, u") is quasiconcave for each n. If (Y", u") —
(Y, u) is quasiconcave.

u™) is a sequence in ®x such that
(Y, u) € &y, then

4 Ametric space Z is complete if every Cauchy sequence in Z converges to a point
in Z. By the Cantor Intersection Theorem, a metric space Z is complete if and only if
whenever (E™) is a decreasing (in the sense of set inclusion) sequence of nonempty
closed subsets of Z whose diameter converges to zero, there is a point z € Z for
which (,E" = {z}.

S A homeomorphism between [0,

1
[0, ;1 g;;x S

1] and [0, ﬁ] can be constructed as x €

1
=
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Proof. Since (Y",u") — (Y, u), the following holds: for each n,

there exists " € x;_; H(Y, Y;) such that
u 1
> suplus (H'() — uf(x)] < px (V" u"). (Y, w) + ~
xeyn

i=1
Fixa € R.Foreachiandy_; € Y_; we have

w(x,y-i) = a} = [ |hf <{Xi vy (X.-, h’li‘l(yfi))
n=1
1
a—px (Y™ u"), (Y, u) — n}) :

To see this, suppose that x; € Y; and u;(x;, y_;) > «. Then, for each
n,

uy (hn_](xuyfi)) >a—px ((Y"

This implies the containment ‘C’. Conversely, suppose that y; ¢
{xi € Yi: ui(xi,y—_i) > a}. Ify; € Y;, then h?’l(y,-) ¢ Y[ for any n. If
y; € Y;and u;(y;, y_i) < «, then for large enough n,

_ 1
uf (W 00 y-0) < e = px (V" 0", (Y, w) =

n.

{Xi eY;:

%

n)v (Y’ u)) -

This implies the containment ‘2’.
Now since (Y™, u") is quasiconcave for each n, the set

{Xi ey uf (Xi, h",i_](}’—i)) >a—px ((Y", u"), (Y, u)) — 1}

n

is convex for each n, and so (because h! € H(Y/",

ht ({x,— ey’ uf (xl-, h’lfl(y,,-))
1
>a — px (Y u"), (Y, u)) — n})
is convex for each n. Thus, {x; € Y; : uj(x;, y_;) > «} is an intersec-

tion of convex subsets of Y;, and hence a convex subset of Y; itself.
Since i was arbitrary, we conclude that (Y, u) is quasiconcave. H

Y;)) the set

Lemma 6. Suppose that (Y", u") is a sequence in &y such that
Zf’zlu? is upper serzicontinuous on Y" for each n. If (Y",u") —
(Y, u) € &y, then Zi:]ui is upper semicontinuous on Y.

Proof. For each n, there exists h" € vazlﬂ(Yi”, Y;) such that

"), (Y, u) + !
n

Fix « € R. We have

N 00 N
{xe Y : Zu,-(x) Zoe] = mh" ([xe Y": Zu?(x) >
i=1 n=1 i=1

1
—N (px (Y™ u™), (Y, ) + n) ]) .

N . . .
Because ) ,_,uf is upper semicontinuous on Y" for each n, the set

[xeY“ -Zu >a—N (px ((Y",u"), (Y, u))—i-;)}

is closed in Y“ for each n, and since each h" is a homeomorphism,
for each n the set

({x ey": Zu )> o — (px (Y™, u™), (Y, w) + %) })

is closed in Y. Thus, {x ey: Z?’Zlui(x) > a} is an intersection of

closed sets, and hence a closed set itself, and so Zf\’: 1U; is upper
semicontinuouson Y. W

Lemma 7. Suppose that (Y™, u"
(Y™, u")is generalized payoff secure for eachn. If (Y™, u") —
&y, then (Y, u) is generalized payoff secure.

) is a sequence in ®x such that
(Y,u) e

Proof. Since (Y",u") — (Y, u), for each n there exists h" €
xN _H(Y",Y;) such that
i=1 i
N 1
suplu; (h"(x)) — uf(x)] < px ((Y", u"), (Y, u)) + -
xeyn

i=1
Fix e > 0,x € Y, and i. We must show that there exist a neighbor-
hood V, of xin Y and a nonempty-valued, convex-valued, compact-
valued, upper hemicontinuous correspondence @; : V, = Y; such
that ui(z;, y_i) > uj(x) — € for each z; € ®;(y) and y € V,. Because
(Y™, u™)is generalized payoff secure for each n, for each n there is a
neighborhood V" of h"~!(x)in Y" and a nonempty-valued, convex-
valued, compact-valued, upper hemicontinuous correspondence
@t V" = Y] such that u(z;, y—;) > u}(h"” 1x)) = 1 for each
zie Py )andy eV, Hence for large n, h"(V”) is anelghborhood
of x in Y, the correspondence ¥/ h'(V™) = Y; defined by
i(y) = h"(dbf(h"’](y))) is nonempty-valued, convex-valued,
compact-valued, and upper hemicontinuous, and we have

_ €
wizi, y—i) > ul(h" 'z, y—1)) — 3>

>ui(x)—a—?>u,-(x)—e

foreachz; € ¥'(y)andy e h"(V"). m

Lemma 8. Suppose that &, is a subspace of &x. Then the set & NS},
is closed in &4.

Proof. The assertion is an immediate consequence of Lemmas 5, 6,
and7. ®m

We are now ready to prove Theorem 2.

Proof of Theorem 2. Suppose that &} is a complete subspace of
®x. The correspondence 8X|®* ne, 1S nonempty -valued (Lemma 1),
and compact-valued and upper flemicontinuous (Lemma 4). Con-
sequently, Lemma 3 gives a residual subset Q of Q§X such that
5x|@;m@,f is lower hemicontinuous at every point in 9, and it
follows that for each (Y, u) € 9, any Nash equilibrium of (Y, u)
is essential relative to &} N &} (Remark 2). To see that 9 is dense
in &% N &}, note that because &} N &} is a closed subset of &}
(Lemma 8), and since & is a complete, metric space, &5 N & is
itself a complete, metric space. Therefore, &} N & is a Baire space
by the Baire Category Theorem. Consequently, £, being a residual
subset of a Baire space, is dense. W

In the remainder of the paper, we characterize a family of
complete subspaces of &x for which Theorem 2 applies.

Let &y be a subcollection of ®x satisfying the following con-
dition: Suppose that (Y", u") is a Cauchy sequence in &y, i.e., for
each ¢ > 0, there exists M such that for every m,n > M,
ox((Y™ u™), (Y", u")) < e, ie., for every m,n > M there exists
hmm e x N #(Y™, Y!") such that

[ B

Z sup [u(x) — ] (H

xeym

mm(x))| < e and

sup dx(h™"(x), x) < e.

xeym
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Then there exists at least one such sequence (h™™) with the
following additional property: Suppose that (Y") is a subsequence
of (Y") such that for each i and x; € Y,.'” the sequence

xi, B (), B2 (M (x),

i
converges to a point y;(x;) in X;. Then y;(x;) # yi(x}) for all x; # x;.
Let Gx be the set of all such subcollections & of ®x.

Example. It is easily seen that the collection

1 o0
(o)
n n=1

of one-player games in &g}, where for each n, u" : [0, 2] — R is
defined by

. 1
un(x) — 1 lfx = ]-‘r E,
0 otherwise,

belongs to Gy 2}
On the other hand, the collection

([o, 1+ 1} , v)m )
n n=1

of one-player games in &g 5}, where v : [0, 2] — R is defined by
o) = {(1) ifx e [1,2],

otherwise,
does not belong to Gg 5. To see this, note first that the sequence
in (2) is Cauchy. This can be seen as follows. For m and n, define
h™W 10, 14 51— [0, 1+ ;]1by

) bY ifx € [0, 1],
PR =115 "= 1) ifx> 1.
n
Given € > 0, and for m, n > M, where M satisfies ﬁ < €,0ne has
lv(x) —v(x)| =0 ifx € [0, 1],
m
[v(x) = (™)) = § 1) = v(1+ —(x = D)
and
[x—x|=0 ifx € [0, 1],
‘x—l—m(x—l)‘ =|(x—1)
[x — K™D (x)] = n
n—m

(n - m> ‘
x <

n mn
Hence, since h™™ e #([0, 1+ 11,0, 1+ 1), it follows that the
sequence in (2) is Cauchy.

Next, suppose that (g(™™") is a sequence satisfying the follow-

ing: for each m and n, g™ e #([0, 1+ 1],[0, 1+ 1]), and for
each € > 0, there exists M such that for every m, n > M,

sup  |v(x) — v(g™M(x))] < e and
xe[0,1+%]

sup |g™M(x) — x| < e.
xe[0,14+ %]

Then, for each m and n, and for every x > 1, one must have
gmm(x) > 1, and so one may pick two distinct x and y, both in
[1, 2], such that the sequences

X, g12(x), g?(g"(x), ... and
y.8"), g* ¥ (g2, ...

converge to 1, implying that the collection in (2) is not a member
of Glo,2]-

1 1
< — ifxe 1,14+ —|.
7M<€ ( +m:|

Lemma 9. Suppose that &y € Gx. Let &} be the closure of &y in &x.
Then &) is a complete subspace of ®y.

Proof. Suppose that % € Gx. Let & be the closure of &% in
®x. Pick a Cauchy sequence (Z", v") in &}. Then there exists a
Cauchy sequence (Y", u") in &} such that if (Y", u") converges to
(Y, u) then (Z", v") converges to (Y, u). Indeed, it suffices to pick
a sequence (Y", u") from &% such that px((Y", u"), (Z", v")) < %
for each n. Thus, it suffices to show that (Y", u") converges to a
point in &}. But since &} is closed in ®, it suffices to show that
the sequence (Y", u") is convergent.

Because (Y", u™)is a Cauchy sequence, given ¢ > 0, there exists
M such that for every m, n > M, px((Y™, u™), (Y", u")) < €, 1i.e., for
every m, n > M there exists h™" e x¥_ #(Y™, YI") such that

"

Because (Y", u") is a Cauchy sequence in &y, there is no loss of

generality in assuming that the sequence (h™™) has the following

additional property: Suppose that (Y") is a subsequence of (Y")

such that for eachiand x; € Yi"1 the sequence

xis B2 k), B R ),

converges to a point y;(x;) in X;. Then y;(x;) # yi(x}) for all x; # x;.
Below we show that there exists a subsequence (Y, u) of

(Y", u") satisfying the following: there exists a sequence (g*) with

gk e xM 1(Y™, Y™ for each k such that the sequences

n'(x) = x, n°(x) = g'(x), n’(x) == g*(g' (X)), ... (3)
and

ui (' (), u (), > (P(X)), -

for x € Y™, satisfy the following: given ¢ > 0, there exists K such
that for every k, [ > K,

ief{l,...,N}, (4)

N
> sup [uf*(r*(x)) — ' (7'(x))| < € and
i—1 xey™
sup dx(n"(x), n'(x)) < e. (5)
xeY™

Consequently, for each x € Y™, the sequences in (3) and (4)
are Cauchy in X and R respectively, and since these spaces are
complete, it follows that the sequence in (3) converges to a point
y(x) = (y1(x1), ..., yn(xn)) in X and the sequence in (4) converges
to a point «;(x) in R. Note that one has y;(x;) # yi(x;) whenever
X; # x. Therefore, defining Y; := |, _,m {yi(x:)}, and given z; € Y;,

X,'EYi
there exists a unique x; € Yi"1 such that y;i(x;) = z;. Thus, there is
amapf; : Y; — Y satisfying yi(fi(z;)) = z for each z; € ;. Let
Y = xﬁ\’zlY,- and define, for each i, u; : X — R as follows:

{Oti(ﬁ(?ﬁ), s In(xn))
0

ifxey,

ui(x) = otherwise.

The proof will be complete if we show that (Y", u") — (Y, u) and
(Y, u) € &. First, note that each u; is bounded. To see this, observe
that foreachiandx € Y"1, the sequence in (4) converges to u;(y(x)),
and choose K* such that for every k, | > K*,

N
> sup [ (r(x)) — uf (' ()l < 1.

i xeY™
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Foreachiandx € Y™,

iyl < [ui™ (" (x)
S 1_"_ |un,(*(

Nk

A

— ui(yx))| + U™ (" (%)l

o),

implying (since u;*" is bounded) that u; is bounded.

It remains to show that (Y", u") — (Y, u)in &x. To this end, first
it will be shown that (Y™, u™) — (Y, u). For each i and k, define
the map f* : Y; — Y;* by

ff@) = n*(fi(@)),

where f; 1 Y; — Y,-"1 is as defined above. The map f; is a member
of H(Y;, Yi"1 ). This flows from the following observations. First,
it is easily seen thatf,- is one-to-one and onto. To see that f; is
continuous, let (z ) be a sequence in Y; With limit point z; € Y;.
Then the sequence (fi(z, )) is convergentin Y with limit point ﬁ(z,)
Otherwise, one has(extractmgasubsequence ifnecessary) fi(z ) —
x; for some x; € Y, with x; # fi(z;), and this implies yl(x,) *
vi(fi(zi)) = z;, and so there exists € > 0 such that N.(y;(x;)) N
Nc(zi) = (. We now establish the following impossibility: there
exist k and I such that »; k(fi(z )) € Nc(z;) N Ne(yi(x;)). Given @ > 0,
there exists K, such that for all k, kK > K,,

sup dx(n*(x), n* (x)) < .
xeY™
and so in particular,

sup dyx, (¥ (x:), ¥ (1)) <
xielfz])fiz?)...}

implying that for each fi(z ) and k > K,,
dx (nf(f(zi)). 21) = Jim_dy (nf(i(z). nlf (f(z)) < @

Consequently, because z! — z;, there exist K’ and L’ such that for
allk > K" and | > L', n*(fi(z})) € Ne(z). Now since the sequence
nl(x) = xi, n?(x), n3(x:), ... converges to yi(x;), there exists K”
such that for all k > K”, n¥(x;) € N (yl(x, ). In addition, because
n is continuous for each k and since fi(z; z!) — x;, for each k one has

(f(z ) = k(x) (as | — oo). Consequently, for k > max{K’, K"},
and for I large enough, one obtains n,‘(f,( zh) € Ne(zi) N N(yi(x:)),
the sought contradiction. We conclude that fi is continuous.

To see that f,.’] is continuous, let (xﬁ) be a convergent sequence
inY;"" with limit pointx; € Y™ Then

dx,.(ﬂ‘l(Xf),ff (%)) = dx,(}’z( ) yi(xi))
< dx,(yilx). mi(x) + d (nf (%)), nf(x:))
+ dx (n (%), ilxo). (6)
It suffices to show that for each ¢ > 0 there exists L* such that for

alll > L*, dxi(yi(xﬂ),yi(xi)) < &.Fix e > 0.Then there exists K, such
that for all k, k¥’ > K,

7 &
sup dx(n*(x'), n* () < 3
X ey™

and so in particular, for each k > K,
. / &
dy, (7F(x), yi(x)) = lim dx,(n¥(x:), 1 (%) < =
k' — o0 3
and
. &
dx(nf(x). yi(x) = lim dy (). nf' () < 5. le (1.2, ).

Now fix k > K,. Since Th is continuous and x — xl, it follows
that there exists L* such that for all | > L*, dx,(n; k(x b, ’71 (%) < 5.

Consequently, in light of (6), one obtains, for [ > L*,
dy, (Vi(x)) yi(%1)) < dx,(i(x}), nf(xD) + dx (0 (%), mf(x:))
+ dx,(n; (Xz) yilxi)) < e,

as desired. We conclude that f~ is continuous.

Next, it will be shown that f;(A) C Yl."1 is convex if and only if
A C Y;is convex. Fix A C Y;. Suppose that f;(A) is a convex set. Then
Ais convex. To see this, fix z; and z{ in A and X in [0, 1]. We need to
show that Az; 4- (1 — A)z] € A. Below we show that for each k,

n* ({0i(z) + (1 = 0)fi(z]) : 0 € [0, 11})
= {0nf (@) + (1 — O (fi(z))) : 6 € [0, 11}, 7)

and that for each 6 < (0,
such that 6™ — 6 and

fi(0"zi + (1 —0™)z)) € {0'fi(z) + (1 — 0")fi(z)) : 0" € [0, 1]},
for each m. (8)

1), there exists a sequence (™) in [0, 1]

We now assume that 1z;+(1—A)z/ ¢ Aand derive a contradiction.

Note that because

{6fiz) + (1 = 0)fi(z)) : 6 € [0, 1]} < fi(A)
(since {f(z,) f, 1)} C fi(A)andf;(A)is, by assumption aconvex set),
Azi+(1— ¢ Aimplies that fi(Az; +(1—1)z]) € f(A) and hence

fihzi+ (1= 2)z) ¢ {0fi(z) + (1 - 0)fi(z) : 6 € [0, 1]}. 9
In addition, there exists a sequence (A™)in [0, 1] such that A™ — A
and
fi (A2 + (1= 2™z) € {6fi(z) + (1 - 0)fi(z) : 6 € [0, 11},

for each m. (10)
Since A"z + (1 — A™)z] — Az; + (1 — 1)z] and f; is continuous, it
follows that
[z + (1 = 2™)z) — fi(rzi + (1 = 1)),

and so (10)implies that fi(Azi4+(1—1)z]) = A*fi(z;)+(1—-1*)fi(z]) for
some A* € [0, 1], contradicting (9). We conclude that A is convex.

Next, we show that (7) holds for each k. Fix k. Since {6fi(z;) +
(1-0)i(z): 6 € [0, ]]} is convex and 7¥ is a convex preserving
map, it follows that ’71( Ofi(zi) + (1 — 0)fi(z)) : 6 € [0,1]}) is
convex, and since ; k(fi(z;)) and n"(f (z})) are members of the convex
set n; k{0fi(z) + (1 — 0)fi(z ) : 6 € [0, 11}), it follows that

nt ({6fiz) + (1 - 6)i(z) : 6 € [0, 11})
2 {Onf(f(z) + (1 — 0)(fi(z])) : 6 € [0, 11} .

To establish the reverse containment, note that since n¥ €
H(Y™, Y™), and since

{Onf(fiz)) + (1 — 0)nf(filz)) : 6 € [0, 11}
is convex in Y/, the set
" ({nk(itz0)) + (1 — 0)nk(fiz)) - 6 € [0, 11))

, and because

"({enk @) + (1 — k() : 6 € 10, 11})

is convex in ;"
{filz). filz))} < nf~
it follows that
{6fiz) + (1 = 6)fi(z)) : 6 € [0, 11}

< k7 ({onk itz + (1 — omk(fiz)) 6 € [0, 11}) ,
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implying that

n* ({6fiz) + (1 — 0)(z) : 6 € [0, 11})
< {onfiz) + (1 — oGz : 0 < [0, 11}

Next, we show that for each 8 € (0, 1), there exists a sequence
(6™)in [0, 1] such that 6™ — 6 and (8) holds. Fix 6 € (0, 1). Note
that it suffices to show that there exists a subsequence (nf ) of(nz‘)
such that for each € > 0, there exist y; € {0fi(z;) + (1 — 0')fi(z]) :
0" € [0, 1]}andLsuchthatn,“(y,) e Ne(6zi+(1-0)z] )forallZ > L
To prove this, note first that since n; (fi(z;)) = zjand n; k(fi(z 1) —
by the continuity of vector addition and scalar multlpllcatlon 1t
follows that

On(filz) + (1 — Ok(fi(z]) — 6z + (1 — 6)z]. (11)

In addition, recall that given ¢ > 0, there exists K such that for
every k, | > K, (5) holds. Consequently, therelsasubsequence(nl
of (n¥) such that

sup dx, (nf[(xi), n:{eJrl(xi)) < for each ¢.

+1°
xieYil 2

Now fix ¢ > 0. Given that (7) holds for each k, and given the

convergence in (11), there existy; € {0'fi(zi) + (1 - 0)i(z) :
[0, 1]} and L such that 77, Ly e Ne(ez, +(1—-6)7)and
1 1 1 €
[ Kitx+1
de,( +(y ++(yi)><ﬁ+ﬁ+"‘=?<5.

In addition, for each £ > L one has

(n, ). nf yl) de ( 1 (), f“‘“(w))

7 1
< oo tomt

N ™

1
JL+1 JL+2 ﬁ <

Consequently, since nfL(y,') € N%(QZ,' + (1 — 6)z]), we see that
(i) € Ne(6zi + (1 — 6)z]) forall € > L.

It remains to show that f;(A) is convex if A is convex. Suppose
that A is convex and pick x; and x] in fi(A) and A € [0, 1]. Then
x; = fi(z;) and x; = fi(z}) for some z; and z/ in A. To see that
Mi(zi)+ (1= 1)fi(z]) € ﬁ(A ), it suffices to show that

nf (Miz) + (1= 0fi(z) = Az + (1 — %)z,
for some A* € [0, 1] (12)

(since this implies that fi(A*z; + (1 — A*)z{) = Afi(z;) + (1 — A )fi(2]),
which, together with the fact that A*z4+(1—1*)z/ € A(by convexity
of A), yields Afi(z;) + (1 — A)fi(z]) € fi(A), as we sought). To see that
(12) holds, note that by (7),

Wfi(z))
(1—0mi(fi(z) : 6 € [0, 11},

nf (Miz) + (1 -
e {onf(fiz)) +

for each k,
implying that there exists a sequence (6¥) in [0, 1] such that
0" i (fi(z)).

Consequently, since the sequence (r;l ()J,(z,) + (1 = 1)fi(z)))) con-
verges, and since n"(f(z,)) — z and n; k(fi(z 1)) — Zz, we see

nt (Milz) + (1= 1)fi(z)) = 0"n{(fi(z) + (1 =

that

Ok nf(filz)) + (1 — 0¥ (fi(z) — Az + (1 — A%z,

for some A* € [0, 1],

as desired.
We conclude that fi € #(Y;,Y;""), and consequently f* €
H(Y;, /) for each k. To prove that (Y™, u™) — (Y, u), it suffices

to show that given € > 0 there exists K such that for all k > K,

N
> suplu(f4(z)) — ui(z)l <€ and supdx(z,fXz)) <. (13)
; zeY

zey

Fix € > 0. Recall that there exists K such that for every k, | > K,

N
sup U (n*(x)) — u"(n'(x))| < ~ and
i—1 xey™ N
sup dy(1(x). n'(x)) <
xey™

Giveni,andfork > Kandz €Y,
U (F*(2)) — wi2)| = lu*(n*(F(2))) — wi(2)l
Tim [u“(n* (@) — " (' ()] <

=Z|m

and
dx(z. f4(2)) = dy(z. 1 (f(2)) = lim dx(i'(F(2)). n(F(2)) < e,

implying (13). We conclude that (Y™, u™) — (Y, u).

Next, we show that (Y™, u") — (Y, u). Fix ¢ > 0 and recall
that there exists M’ such that for every m,n > M/, there exists
hmm e xN #(Y™, Y1) such that

N
Z sup [u*(x) — u?(h(m’")(x))l < % and

i1 xeym

€
sup dy(h™™(x), x) < —.
xeym 2

In addition, there exists K* such that for all k > K*,

N ™

N

n € K
> suplu*(F4(2)) — ui(z)l < > and  supdx(z, f*(2)) <
i—1 zeY 2N zeY

Forn > M’,and giveniand z € Y, and k > K* withn, > M’,

Ul (KPP (2))) — ui(2)] < [uf*(F(2)) — wi2)
+ [uf (™M (f*(2)))
rlk k i
—u @ =
and

dx(z, \™V(FN(2))) = dx(z, f4(2)) + dx ("™ (f4(2)), f4(2)) < €

Consequently, for n > M’ one has px((Y", u"), (Y, u)) < ¢, and we
conclude that (Y", u™) — (Y, u).

It remains to show that there exists a subsequence (Y, u”k) of
(Y™, u™) satisfying the following: there exists a sequence (g*) with
gk e xlle(Y,"", Y; et 1 ) for each k such that the sequences (3) and
(4) (for x € Y™) satisfy the following: given € > 0, there exists K

such that for every k, [ > K,

N
sup [uf*(n*(x)) — u'(n'(x))| < € and
i1 xey™
sup dx(n*(x), n'(x)) < e. (14)

xeY™
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Recall that given ¢ > 0, there exists M such that foreverym, n > M
there exists K™ € xN_ #(Y™, Y/") such that

N
Z sup [u"(x) — ul(h™"(x))| < ¢ and

m
i—1 xeY!

sup dy(h™™"(x), x) < €.

xeym

Therefore, one can select a subsequence (1) of (n) satisfying the
following: for each k,

N

1
ng M1 (Mg, Ngg-1)

sup |u;“(x) —u; "' (h +1(x))] < —— and
i—q xeY"k ' ! 2k+1N
1
sup dy(h™eM+1)(x), x) < — .
sup d( (0.0 < 25
For each k, set gk := h(Mmt) e x N (v, Y**1). Now fix € > 0
and choose K with 2,(%1 < e.Fork,1 > K and forx € Y™ we

have

i (o) = uf" (')l < [ (" (o) — " (1 @)))

+ |u:‘K+1(nK+l(X)) _ u?K+2(nK+2(X))| 4.

1 1 1 1 1
Ya-ilitEt)
kK=K
€
_€
N
and
dx(n*(x), n'(x)) < dx(n*(x), n* T (%)) + dx (T (x), n*T2(x)) + - -
1 1
<27+2K+1 .:2K71 <€

Consequently, for every k, | > K, (14) holds, as we sought. B

Theorem 2, together with Lemma 9, immediately gives the
following corollary, which generalizes Theorem 2 in Carbonell-
Nicolau (2010).°

Corollary (to Theorem 2). Suppose that & € Gx. Let & be the
closure of &y in &x. Then every member of a residual, dense subset of
&Y N &y is essential.

We conclude with a comment. A natural question is whether the
techniques for fixed action spaces developed in Carbonell-Nicolau
(2015) to extend the results in Carbonell-Nicolau (2010) can be
adapted to the more general notion of perturbed game considered
in this paper. This suggests a natural avenue towards a general-
ization of Theorem 2 and the Corollary. A detailed discussion of
this topic lies outside the scope of this paper and is left for future
research.
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