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1. Introduction

Given a collection g of normal-form games, and given a game G
in g, a Nash equilibrium w of G is essential relative to g if neighboring
games within g have Nash equilibria close to . It is well-known
that for generic games in the collection of all finite-action games, all
Nash equilibria are essential and strictly perfect (¢f. Wu and Jiang
(1962)). Generic members of certain collections of infinite-action
games have only essential equilibria (e.g., Yu (1999) and Carbonell-
Nicolau (2010)). However, it has not been shown that essential
equilibria in generic games are (strictly) perfect.

In this paper, we first point out that the collections of games
considered in Yu (1999) and Carbonell-Nicolau (2010) are not
closed under Selten perturbations, implying that (strict) perfec-
tion of essential equilibria in generic games does not follow from
known results. We then identify, in Theorem 4, a collection of
games whose members have only essential, perfect mixed-strategy
equilibria. This collection is closed under some but not all Sel-
ten perturbations (Example 1), and this again points to a difficulty
in showing that essential equilibria are strictly perfect. The anal-
ysis in Carbonell-Nicolau (2011a) implies that there is a sub-
collection of games whose members have only essential, strictly
perfect mixed-strategy equilibria. The formal statement is given in
Theorem 5.
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2. Preliminaries

A normal-form game (or simply a game) is a collection G =
(X, u,—)ﬁV= 1» where N is a finite number of players, X; is a nonempty
set of actions for player i, and u; : X — R represents player i’s
payoff function, where X := xf": 1 Xi. By a slight abuse of notation,
N will represent both the number of players and the set of players.

If u; is bounded and X; is a nonempty subset of a metric space for
each i, G is said to be a metric game. If in addition X; is compact for
each i, then G is called a compact, metric game. If X; is a nonempty
subset of a metric space and u; is bounded and Borel measurable
for each i, then G is said to be a metric, Borel game.

For each i, let X_; := X; X;. Given i and a strategy profile
X = (X1, ..., Xy) in X, the subprofile

(x17 e 7Xi7‘l,xi+17 .. axN)
in X_; is denoted by x_;, and we sometimes represent x by (x;, x_;),

which is a slight abuse of notation.

Definition 1. A strategy profile x = (x;,x_;) in X is a Nash
equilibrium of G = (X;, u;)ien if 4 (Vi, x_;) < u;(x) for everyy; € X;
and each i.

Given a compact, metric game G =
extension of G is the game

G = (AX), Uien » (1)

where each A(X;) represents the set of regular Borel probability
measures on X;, endowed with the weak* topology, and, abusing

(X;, Uj)ien, the mixed
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notation, we let u; : ><]’.\’:1 A(Xj) — R be defined by

u(p) = / udpe.
X

With a slight abuse of notation, we define A(X) = Xjeny A(X)).
This Cartesian product is endowed with the product topology.

A mixed-strategy Nash equilibrium of G = (Xi, U;)ien is a Nash
equilibrium of the mixed extension G as defined in (1).

The next definition is taken from Carbonell-Nicolau and McLean
(2013).

Definition 2. A metric game G = (Xj, u;)icn Satisfies sequential
better-reply security if the following condition is satisfied: if
(x", u(x")) € X x R is a convergent sequence with limit (x, y) €
X x RN, and if x is not a Nash equilibrium of G, then there exist an
i,ann > y; a subsequence (x*) of (x"), and a sequence (yf) such
that for each k, y¥ € X; and u;(y¥, x* ) > n.

The following condition appears in Monteiro and Page (2007).

Definition 3. A metric game G = (X, u;)ien is uniformly payoff
secure if for each i, ¢ > 0, and x; € X;, there exists y; € X; such
that for every y_; € X_;, there is a neighborhood V,_; of y_; such
that u;(y;, z—;) > ui(x;, y—;) — e foreveryz_; € V,_,.

For each player i, let X; be a nonempty, compact, metric space,
and let X = X;en X;. Let B(X) denote the set of bounded, Borel
measurable maps f : X — R. We view (B(X)V, dx) as a metric
space, where dy : BX)N x B(X)N — Ris defined by

dx((fr, ... fn), (&1, ..., 88)) = Zsup [fi(x) — &)l (2)
ieN XX
It is clear that a metric Borel game of the form (X;, u;)ieny can be
viewed as member of (B(X)", dx), and we can define the mixed-
strategy Nash equilibrium correspondence over B(X)" as a set-
valued map

& : BOON = AX)
that assigns to each game G in B(X)" the set ¢x(G) of mixed-
strategy Nash equilibria of G, i.e., the set of Nash equilibria of

the mixed extension G. Given a family of games g € B(X)V, the
restriction of & to g is denoted by &x|,.

Definition 4. Given a class of games g € B(X)N, a mixed-strategy
Nash equilibrium w of G € g is an essential equilibrium of G relative
to g if for every neighborhood V,, of w, there is a neighborhood V¢
of G such that forevery g € Vg N g, V,, N Ex(g) # ¥.

The notion of essentiality was introduced for finite games
by Wu and Jiang (1962).

A probability measure u; € A(X;) is said to be strictly positive if
1i(0) > 0 for every nonempty open set O in X;.

For each i, let A(X;) denote the set of all strictly positive
members of A(X;). The_set of regular Borel measures on X; is
denoted by M(X;). Let M(X;) be the set of p; in M(X;) such that
pi(0) > 0 for every nonempty open set O in X;. Define
AX) = Xiey AX) and M(X) == xiey M(X).

Forp = (p1, ..., pn) € M(X), let

AX, pi) = {vi € AX) @ vi > pi}

and define

Gp == (AKX, P)s Uien -

The game Ep is called a Selten perturbation of G. For v =
(v, ...,ov) € AX)and 6 = (81,...,68n) € [0, 1)V, define the
Selten perturbation Gs,, as

G = (A, 8iv), Upjey -

Definition 5. A strategy profile u € A(X) is perfect in G =
(Xi, u)ien if there are sequences (8"), (v"), and (u") such that
8" € (0, )N and v* € A(X) for each n, 8" — 0, u" — p, and
each u™ is a Nash equilibrium of Ggn,,n.

Definition 6. A strategy profile u € A(X) is strictly perfect in G =
(Xi, uj)ien if for all sequences (8") and (v") such that §" € (0, HN
and v" € A(X) for each n, and 6" — 0, there is a sequence (")
such that 4" — w and each u" is a Nash equilibrium of Ggn,n.

The notions of perfection and strict perfection were introduced
for finite-action games by Selten (1975) and Okada (1984),
respectively.!

Given a compact, metric game G = (X;, ”i)zN:v we will endow
A(X) with the product topology induced by the Prokhorov metric
on A(X;).? If o; denotes the Prokhorov metric on A(X;), then given
{Ms U} < A(Xl)s

0i(u, v) = inffe > 0: u(B) < v(B°) +¢and
v(B) < u(B®) + ¢, forall B},

where

B* = {x € X; : di(x,y) < & for somey € B},

and d; denotes the metric associated with X;. The product metric
induced by (g1, ..., on) on A(X) is denoted by o.

Fore > 0and ¥ £ E C A(X), a profile u € A(X) is said to be
e-close to E if

o(u,E) .= inf{o(u,v) : v € E} < &.

Here and below, N, (i) denotes the e-neighborhood of .

Let $; be the family of all nonempty closed sets E of Nash
equilibria of G satisfying the following: for each ¢ > 0, there exists
a € (0, 1] such that for each § € (0, )N and every v € A(X) the
perturbed game Gj,, has a Nash equilibrium g-close to E.

Given x; € X, let 6, represent the Dirac measure on X; with
support {x;}. Similarly, for x € X, 6y denotes the Dirac measure
on X with support {x}. The map x; > 6, (resp. x — 6,)is an
embedding, so X; (resp. X) can be topologically identified with a
subspace of A(X;) (resp. A(X)). We sometimes abuse notation and
refer to 0y, € A(X;) (resp. 6x € A(X)) simply as x; (resp. x).

Definition 7. A set of mixed strategy profiles in A(X) is a stable set
of Gifitis a minimal element of the set $; ordered by set inclusion.

The notion of stability was introduced for finite-action games
by Kohlberg and Mertens (1986).

Remark 1. A profile u is a strictly perfect equilibrium if, and only
if, the set {u} is stable.

Given (8, u) € [0, DN x Z(X) and G = (X;, uj)ien, let G ;) be
a game defined as
Ge, ) = X, U icn,

1
8,
1

where u : X — Ris given by

() = Uy (1= 8% + 81pa1. ... (1= 8)xy + Syja) -
Here, (1 — 8;)x; + &;u; represents the measure o; in A(X;) such that
0i(B) = (1 — ;)6 (B) + dipsi(B).

1 Infinite-game generalizations of these notions were introduced in Simon
and Stinchcombe (1995) and studied in the context of discontinuous games
in Carbonell-Nicolau (2011b,c,d).

2 For compact metric games, this product topology coincides with the product
topology induced by the weak* topology on A(X;).
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3. Essential equilibria

Foreachi € N,letX;beanactionspace,andletX := Xxcy X;. De-
fine the set gy of games (X;, ui)f’: ; that are compact, metric, Borel,
and uniformly payoff secure, with ) ;_y u; upper semicontinuous.

We view gy as a subspace of the metric space (BN, dy) with
its relative topology.

We first recapture a result from Carbonell-Nicolau (2010).

Theorem 1. For any G in a dense, residual subset of gy, any mixed-
strategy Nash equilibrium of G is essential relative to gy.

We do not know whether generic games in gy can be guaran-
teed to have only essential, (strictly) perfect equilibria. We remark
that the statement that generic games in g} have only essential,
(strictly) perfect equilibria is not a corollary of the above result. In
fact, Example 3 in Carbonell-Nicolau (2011c) shows that there is at
least one member G of g whose Selten perturbations do not belong
to gy. While G may well be non-generic, it has not been proven that
generically the collection of games g} is closed under Selten pertur-
bations.

In the remainder of the paper, we adapt ideas from Carbonell-
Nicolau (2011a) to show that there are subcollections of g
that are closed under some (resp. all) Selten perturbations. This
observation, together with the above result, implies that generic
games in these subcollections are not only essential but also perfect
(resp. strictly perfect).

4. Essential and perfect equilibria

The following condition is taken from Carbonell-Nicolau
(2011b).3

Condition (A). There exists (41, ..., Un) € Z(X) such that for
eachiand every ¢ > O there is a sequence (f) of Borel measurable
maps fi : X; — X; such that the following is satisfied:

(a) For each k and x € X, there is a neighborhood Ny _; of x_; such
that u;(fe (x;), y—i) > uj(x) —eforally_; € Ny _,.

(b) For each x_; € X_j, there is a subset Y; of X; with u;(¥;) = 1
satisfying the following condition: for each x; € Y;, there exists
K such that for each k > K, there is a neighborhood V;_; of x_;
such that u; (i (%), y—) < ui(x;, y—) +eforally_; e Vy_,.

Define the set g;‘; of compact, metric, Borel games G = (X, U;)ien
with »,_y u; upper semicontinuous such that Condition (A) is
satisfied.

Theorem 2 (Carbonell-Nicolau (2011c, Theorem 2)). All members G
of g)A} have a perfect equilibrium, and all perfect profiles of G are
mixed-strategy Nash equilibria of G.

Lemma 1. Suppose that (g") is a sequence in B(X) with limit g €
B(X). If g" is upper semicontinuous for each n, then g is upper
semicontinuous.

Proof. Suppose that (g") is a sequence of upper semicontinuous
functions in B(X) with limit g € B(X). Fix ¢ € R. Then the set
{x : g(x) > «a} can be written as

N {x :8"(0 = @ — sup[g" (¥ —g(x)|} :

n

a countable intersection of closed sets. It follows that {x : g(x) >
«} is closed or, equivalently, that g is upper semicontinuous. H

3 The condition is called (A") in footnote 8 of Carbonell-Nicolau (2011b).

Lemma 2. The set gﬁ is closed in B(XX)N.

Proof. Take a sequence (u") in B(X)V such that the sequence
((X:, uP)ien) belongs to g. Suppose that u" — u for some u €
B(X)N. We show that (X;, u;)icn belongs to g§.

To lighten notation, let

G = (Xi, up)ien and G" = (X, u})ien-

Because G" € g} foreachn, >, uf

ien U is upper semicontinuous for

each n. Consequently, since ",y ul — > iy Uis 2 ey Ui 1S Upper
semicontinuous as a consequence of Lemma 1.

It remains to show that G satisfies Condition (A). Since G" € g)A}

for each n, for each n there exists (u7, ..., uy) € Z(X) such that

for each i and every ¢ > 0, there is a sequence (f;");>, of Borel

measurable maps f;' : X; — X; such that the following is satisfied:

(a) For each k and x € X, there is a neighborhood Ny _; of x_; such
that u (ff' (xi), y—i) > uj(x) — 5 forally_; € Ny_,.

(b) For each x_; € X_;, there is a subset Y] of X; with u}(Y") =1
satisfying the following condition: for each x; € Y/, there exists
K such that for each k > K, there is a neighborhood V;_; of x_;
such that u (ff (x;), y—) < ui (xi, y—) + 5 forally_; € Vy_,.

Since u" — u, for any large enough n we have

Ui (@) + § > w2 > uj(z) — §, forallz e X.

It follows that for any large enough n the following is satisfied:

(a) For each k and x € X, there is a neighborhood Ny _; of x_; such
that

ui(fy (i), y—i) > ul (f' (x0), y-i) — §
n 3¢
> U (x) — T > uj(x) — €,

forally_; € Ny_,.

(b) For each x_; € X_;, there is a subset Y;" of X; with u['(Y") = 1
satisfying the following condition: for each x; € Y/, there exists
K such that for each k > K, there is a neighborhood V,_; of x_;
such that

w (), y-) < W &), y-) + & <ul(xi,y—p) + %
< ui(X;, y-i) + &,
forally_; e Vy_,.

We conclude that given i and ¢ > 0, and for large n, the
sequence (f;");2, of satisfies the following:

(a) For each k and x € X, there is a neighborhood Ny _; of x_; such
that u; (f! (x;), y—i) > u;(x) — e forally_; € Ny_,.

(b) For each x_; € X_;, there is a subset Y] of X; with u}(Y") = 1
satisfying the following condition: for each x; € Y/, there exists
K such that for each k > K, there is a neighborhood Vy_; of x_;
such that u; (f' (%), y—) < ui(x;,y—) +eforally_; e V, ..

Therefore G satisfies Condition (A). W

The next lemma follows immediately from the following facts:
(i) sequential better-reply security is weaker than Reny’s (1999)
better-reply security; and (ii) the mixed extension of a game is
better-reply secure if the game has an upper semicontinuous sum
of payoffs and satisfies Condition (A).

Lemma 3. Suppose that G € g. Then the mixed extension G of G
satisfies sequential better-reply security.

Lemma 4. Suppose that X is compact and metric. For g C BXON, if
the mixed extension G of G satisfies sequential better-reply security for
every G € g, then €|, is compact-valued and upper hemicontinuous.
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Proof. Since X is compact and metric, A(X) is compact. Therefore,
it suffices to show that €x|; has a closed graph (e.g., Aliprantis
and Border (2006, Theorem 17.11)). Take a sequence (u") in B(X)V
such that the sequence ((Xi, u{’)ieN) belongs to g, and take a
sequence (u") such that ©" is a mixed-strategy Nash equilibrium
of (Xi, ul")ien for each n. Suppose that

(u",u") — (),
for some (i, u) € A(X) x BXX)N such that (X;, u;)icy is a member
of g. We must show that p is a mixed-strategy Nash equilibrium of
Xi, Up)ien-

Suppose that w is not a mixed-strategy Nash equilibrium of

(Xi, u;)ien. Because u" — u and u; is bounded for each i, we may
write (passing to a subsequence if necessary)

(1", u(u™) = (1, ), (3)
for some y € RM. Therefore, because y is not a mixed-strategy
Nash equilibrium of (X, u;)icn, and since the mixed extension
of (X;, u;j)ien is sequentially better-reply secure (Lemma 3), there
existan i, an i > y;, a subsequence (u¥) of (1), and a sequence
(v¥) such that for each k, v € A(X;) and u;(v¥, u*;) > n. This,
together with (3), gives, for some o« € R and some 8 € R, and for
any large enough k,

u,»(vf, Mk_i) >a>f> ui(uk).

Consequently, since u}! — u;, there exists k such that
i f, 1) > uf (),

contradicting that u* is a mixed-strategy Nash equilibrium of
()<jv u]"{)jEN- u

Lemmas 3 and 4 immediately yield the following lemma.

Lemma 5. ¢y| o is compact-valued and upper hemicontinuous.
X

The proof of the following lemma is relegated to Section 6.

Lemma 6. Suppose that G is a compact, metric, Borel game satisfy-
ing Condition (A). Then there exists u € A(X) such that for every
§ e (0, DN, Gs, ) 1s a compact, metric, Borel game satisfying Condi-
tion (A).

Lemma 7. Suppose that G € g‘;‘(. Then there exists . € Z(X) such
that for every § € (0, DN, Gs 1) € g5

Proof. Suppose that G = (Xi, Uj)ien € gj‘}. By Lemma 6, there ex-
ists u € Z(X) such that for every § € (0, )V, Gs, ) Is a compact,
metric, Borel game satisfying Condition (A). In addition, because
> icn Ui is upper semicontinuous, the map v — Y ;. ui(v) de-
fined on A(X) is upper semicontinuous (e.g., Aliprantis and Border
(2006, Theorem 15.5)). It follows that ), u,@’“) is upper semi-
continuous. N

Lemma8. If G € gf( and w is an essential equilibrium of G relative
to gf}, then w is perfect.

Proof. Let G = (X, u;)icy be a member of gQ. By Lemma 7, there
exists 1 € A(X) such that for every § € (0, DV, Gisy € gl
Suppose that v is an essential equilibrium of G relative to g)A}. Then,
for every neighborhood V, of v, there is a neighborhood V;; of G
such that for every g € Vo N g’)q(, V, N &x(g) # 0. Consequently,
since for every 8 > 0 one can choose a small enough § € (0, 1)V
such that dx(u, u®*) < B, and because G, € gjt for every
8 € (0, DN, we see that there are sequences (") and (v") such
that 8" € (0, 1N for each n, 8" — 0, v" is a mixed-strategy Nash

equilibrium of Gn ;) for each n, and v™ — v. It is now easy to see
that for each n the strategy profile

(1 =8V} +8Tur, .., (1= 8RN + Spin)

isaNash equilibrium of the Selten perturbation Egn*u. We conclude
that v is a perfect profile. W

Theorem 3 (Fort (1951, Theorem 2)). Suppose that X is a metric
space and that Y is a topological space. Suppose that F Y =
X is a nonempty-valued, compact-valued, upper hemicontinuous
correspondence. Then there exists a residual subset Q of Y such that
F is lower hemicontinuous at every point in Q.

Theorem 4. All members G of gQ have a perfect equilibrium, and
all perfect profiles of G are mixed-strategy Nash equilibria of G. In
addition, for any G in a dense, residual subset of gQ, any mixed-
strategy Nash equilibrium of G is perfect and essential relative to gf(.

Proof. The first statement follows from Theorem 2. The correspon-
dence €y | o is nonempty-valued (Theorem 2), compact-valued and
upper hemicontinuous (Lemma 5). Consequently, Theorem 3 gives
a residual subset q of gg‘} such that €| @ is lower hemicontinuous
at every pointin g. Since ¢x |g§ is upper hemicontinuous and lower
hemicontinuous at every point in q, for each G € g any mixed-
strategy Nash equilibrium of G is essential relative to g. Conse-
quently, by Lemma 8, for each G € g any mixed-strategy Nash
equilibrium of G is perfect and essential relative to gj‘;. To see that
q is dense in g)A}, note that because gf( is a closed subset of B(X)N
(Lemma 2), and since B(X)" is a complete, metric space, gQ is a
complete, metric space. Therefore, gf( is a Baire space by the Baire
category theorem. Consequently, g, being a residual subset of a
Baire space, is dense. W

5. Essential and strictly perfect equilibria

Unfortunately, as the following example illustrates, the collec-
tion gQ is not closed under all Selten perturbations, so it is not
immediately apparent that one can replace “perfect” by “strictly
perfect” in the last statement of Theorem 4.

Example 1. Consider the two-player game G = ([0, 1], [0, 1], uq,

u,), where
1 if 1or( ) 11
ifxy=1lor(x,x)=(=-,=-),
U1 (X1, X2) = ! b2 2 2

0 elsewhere,

and u, is identically zero. The game G is a member of g’)q(.

Next, we show that there exists u € Z([O, 1]%) such that for
any § € (0, 1)?, G,y does not belong to gf. This means that
even if G has an essential equilibrium v, it does not follow from
Theorem 4 that the perturbations Gs, ) will have a mixed-strategy
Nash equilibrium close to v. Since Nash equilibria of the Selten
perturbation Gs,, are mixed-strategy Nash equilibria of Gs_,,), it
follows that Theorem 4 does not imply that there are sequences
(8™ and (v") with 8" € (0, 1)? for each n and 8" — 0 such that
v" — v and v" is a Nash equilibrium ofagn*,4 for each n. Thus, one
cannot conclude that the essential equilibrium v is strictly perfect.

To see that there exists it € A([0, 1]%) such that for any § €
(0, 1)%, Gs,,,) does not belong to gy, it suffices to show that given
(8, w) € (0, 1)? x A([0, 1]?) with

w1 = ge% 4+ 34 and pp =2,
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where A denotes Lebesgue measure over [0, 1], and given any
(p1,p2) € A([O 1]?) and any map f : [0,1] — [0, 1], the
following two conditions cannot hold 51multaneously for

€ (0. min {§1(1—68)5,1—81}).

(a) For each (x1,x,) € [0, 1]%, there is a neighborhood Ny, of x;
such that

uy (1 —=81)f (x1) + 8101, (1 = 82)y2 + S242)
> Uy (1= 81)x1 + S1u1, (1 —82)Xz + Sa2u2) — €

forally, € Ny,.

(b) For each x, € [0, 1], there is a subset I of [0, 1] with p;(I) = 1
satisfying the following condition: for each x; € I, there is a
neighborhood Vy, of x, such that

up (1= 80)f %1) + 8111, (1 — 82)y2 + S2142)
<up (1 =380)x1 + d1pu1, (1= 82)y2 + dapk2) + ¢

forally, € V,,.

Suppose that x, = % Then, given x; € [0, 1], (a) implies
f(x1) = 1.To see this, note that if f(x) # 1and y, # % we have
up (1 —=80f %) + 811, (1 — 82)y2 + d242) = 0

< 81(1— 82)7 —&

<up (1 =380x1 + 811, (1 — 82)x2 + S22) — €.
But if f(x;) = 1 for each x; € [0, 1] then (b) cannot hold. Indeed,
iff(x;) = 1foreachx; € [0, 1], then for eachx; € [0, 1) \ {%} and
every y, € [0, 11\ {5},
up (1 —=80f x1) + 8101, (1 — 82)y2 + dapn2) > 1 — 64

> ¢

= uy ((1 —81)x1 + 811, (1 — 82)y2 + Sap2) + &,
contradicting condition (b).

The following condition is taken from Carbonell-Nicolau
(2011a).

Condition (B). For eachiand every ¢ > 0, there is a sequence (f,)
of Borel measurable maps f; : X; — X; such that the following is
satisfied:

(a) For each x € X and each k, there is a neighborhood Ny ; of x_;
such that u;(f (x;), y—i) > uj(x) —eforally_; € Ny_,.

(b) For each x € X, there exists K such that for each k > K,
there is a neighborhood Vy_; of x_; such that u;(fy(x;), y—i) <
ui(x;, y—;) +eforally_j e Vy ..

Define the set g)B< of compact, metric, Borel games G = (X, Uj)ien
with ", u; upper semicontinuous such that Condition (B) is
satisfied.

Remark 2. It is easy to see that g§ < gf.

Example 2. The following is an example of a game in g} \ g5. Let

G = ([0, 1], [0, 1], uy, uy) be a two-player game with
1 —x, ifxgisrational,

up(x1, %) =11 if x4 is irrational and x, = 0,
0 if x1 is irrational and x, > 0,

and suppose that u, is identically zero. Clearly, u; + u, is upper
semicontinuous. Since u, is continuous, Condition (A) is clearly
satisfied for i = 2. To see that Condition (A) holds for i = 1, fix
any [, € A([O 1]) and choose a 1 € A([O 1]) supported on the
set of rational numbers in [0, 1]. Fix ¢ > 0 and define a sequence

(.fk) Of maps fk : [O’ 1] - [07 1] by fk
f :10,1] — [0, 1] is defined by

:= f for each k, where

fla) = a ifaisrational,
|1 ifaisirrational.

We verify items (a) and (b) in Condition (A).

(a) Fix (x1, x2) € [0, 1]%. If x4 is irrational and x, > 0, then for all
y2 €0, 1],

ui(f(x1),y2) = u1(1,y2) =1-y, >0
= u1(X1, X2) > U1(Xq, %) — &.

If x; is irrational and x, = 0, then for all y, € [0, %),

ui(f(x1),y2) = ui(l,y2)) =1—-y2 > 1—¢
= U1(X1, X2) — €.

If x; is rational, then for ally, € (x, — %

u(f(x1), y2)

X+ 3)N[0, 1],

U(X,¥2) =1—=y2>1—x,—¢
Ui (X1, x2) — &.

(b) For each x, € [0, 1], let Yy be the set of rational numbers and
note that ;1(Y;) = 1.Thenforeachx; € Y; wehavef(x;) = x;
and therefore uq(f (x1),¥2) < uy(x1,y2) + ¢ forally, € [0, 1].

To see that G fails Condition (B), let ¢ = % and let (fy) be a
sequence of Borel measurable maps f, : [0, 1] — [0, 1]. Observe
that for (x;, x;) € [0, 1] with x; irrational and x, = 0, and given
any k, if fi(x,) is irrational, then for any neighborhood Ny, of x, and
fory, € Ny, \ {x,} we have

u(fie(®1).y2) =0 < 3 =1—¢& = u(x1, Xp).

Hence, item (a) in Condition (B) can only be fulfilled if fi(x;) is
rational for each k. But if fi(x;) is rational for each k, item (b) in
Condition (B) must be violated. Indeed, for any neighborhood Vy,
of x, and for y, € Vy, \ {x} close enough to x, = 0, we have

u(fe(®1).y2) = 1=y > 3 = us(x1,¥2) + &.

The next and the last result follows from the analysis in
Carbonell-Nicolau (2011a). We omit the proof.

Theorem 5. All members G of g5 have a stable set, and all stable sets
of G contain only perfect equilibria. In addition, for any G in a dense,
residual subset of gf}, any mixed-strategy Nash equilibrium of G is
strictly perfect and essential relative to gﬁ.

Remark 3. Theorem 4 (resp. Theorem 5) states that generic games
within gf‘( (resp. gﬁ) have only perfect (resp. strictly perfect)
and essential equilibria. These assertions have been proven for a
particular metric on the space of games B(X)N, namely the sup
metric defined in (2). Whether the above statements hold intact
when the space of games is endowed with an alternative metric
remains an open question. Other natural metrics are those that
measure, in some precise way, the distance between the graphs
of the members of B(X)". Such metrics induce topologies weaker
than the sup metric and therefore strengthen the definition of
essential equilibrium. Note however that when the space B(X)N
is endowed with a weaker topology, it follows from Theorem 4
(resp. Theorem 5) that for any G in a dense subset of gQ (resp. gf}),
any mixed-strategy Nash equilibrium of G is perfect (resp. strictly
perfect).
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6. Proof of Lemma 6

Prior to proving Lemma 6, we need a preliminary result.

The following lemma is a variation of Lemma 7 in Carbonell-
Nicolau (2011b). The proof of item (ii) is similar to that of item
(ii) in Lemma 7 of Carbonell-Nicolau (2011b). The proof of item (i)
proceeds in the same manner as the proof of Lemma 1 in Carbonell-
Nicolau (2011b). We omit the details.

Lemma 9. Suppose that G = (X;, u;)ien iS a compact, metric, Borel

game satisfying Condition (A). Then there exists (i1, ..., An) €

A(X) such that for each i and every ¢ > 0 there is a sequence (fi)

of Borel measurable maps f; : X; — X; such that the following is

satisfied:

(i) For each k and x € X, there is a neighborhood Ny_; of x_; such
that uf‘s’”) (%), y—i) > u,.(‘s’“)(x) —cforally_j € Ny_,.

(ii) Foreach o_; € A(X_;), there is a subset Y; of X; with u;(Y;) = 1
satisfying the following condition: for every x; € Y;, there exists
K such that for each k > K, there is a neighborhood V,,_, of o_;
such that u;(f(x;), p—i) < ui(x;, p—i) + & forallp_; € V,_,.

We are now ready to prove Lemma 6.

Lemma 6. Suppose that G is a compact, metric, Borel game satisfy-
ing Condition (A). Then, there exists u € A(X) such that for every
8 e (0, DN, Gs, ) 1s a compact, metric, Borel game satisfying Condi-
tion (A).

Proof. Suppose that G = (X;, u;)iey iS @ compact, metric, Borel
game satisfying Condition (A). Let u« be the measure given by
Lemma 9, and fix § € (0, 1)V, i, and ¢ > 0. We must show that
there is a sequence (fi) of Borel measurable maps f, : X; — X;j such
that the following is satisfied:

(a) For each k and x € X, there is a neighborhood N, _, of x_; such
that u" (f(x)), y_1) > u®" (x) — e forally_; € Ny_.

(b) For each x_; € X_;, there is a subset Y; of X; with u;(Y;)) = 1
satisfying the following condition: for each x; € Y;, there exists
K such that for each k > K, there is a neighborhood V, ; of
x_; such that uf‘s’”)(fk(xi),y_,») < ufa’“)(xi,y_,-) + ¢ for all
y-i € Vx_i-
Lemma 9 gives a sequence (f;) of Borel measurable maps f; :

X; — X; satisfying the following:

(i) For each k and x € X, there is a neighborhood Ny _; of x_; such
that ui@"‘) (%)), y—i) > ufs’”) (x) —eforally_; € Ny_,.

(ii) Foreacho_; € A(X_;), thereis a subset Y; of X; with u;(Y;) = 1
satisfying the following condition: for every x; € Y;, there
exists K such that for each k > K, there is a neighborhood V,,_,
of o_jsuchthatu;(f(x;), p—i) < u;(x;, p—j)+eforallp_; € V,_,.

To prove (b), fix x_; € X_;. Define

o_i = ((1—=38D)x1 + 611, ..., (1 = 8—1)Xi—1 + Si—1Mi-1,
(1 = 8ix1)Xig1 + Sixalbiz1, - -, (1 = Snw)xn + Snun).

By (ii), there is a subset Y; of X; with w;(Y;) = 1 satisfying the
following condition: for every x; € Y;, there exists K such that
for each k > K, there is a neighborhood V,,_; of o_; such that
ui(fu(x), p—i) < ui(x;, p—;) + ¢ forall p_; € V, .. Consequently,
for k > K, and for every p_; € V,_,, we have

ui((1 = 8)fe ) + 8ipi, p—i) — wi((1 — 8)x; + Sipki, p—i)
= (1 —8)[ui(fk(x:), p—i) — ui(xi, p—)] < e.
This establishes (b). ®
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