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Abstract:
This paper argues that, even in the presence of decreasing average costs of production, monopolies can some-
times be avoided in the interest of market efficiency. It is shown that under certain conditions on the variable
cost of production, there is an alternate, viable market structure that reduces the well-known deadweight loss
of monopoly: an “upstream” market in which one or more firms own and share the fixed cost of creating and
maintaining a distribution network, and a “downstream” market populated by a large number of firms that are
charged a unit price for the network’s usage.
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1 Introduction

When average cost functions are decreasing, or when they are decreasing over a sufficiently wide range of
output levels, so that the minimum of the average cost curve lies to the right of the demand curve, it is sometimes
argued that markets are better served by a sole vendor. This situation is commonly known as the case of a natural
monopoly. More generally, natural monopolies are sometimes defined by the existence of strictly subadditive cost
functions, i. e. cost functions C(q) satisfying, for each 𝑞 ≥ 0, 𝑘 ∈ ℕ, and (𝑞1, ..., 𝑞𝑘) ∈ ℝ𝑘

+ with 𝑞1 + ... + 𝑞𝑘 = 𝑞,1

𝐶(𝑞) < 𝐶(𝑞1) + ... + 𝐶(𝑞𝑘); (1)

These cost structures imply that any given q can be produced more cheaply by one single firm than by any
number k of firms.2,3

The case of public utilities―where the technology involves very large fixed costs and small marginal
costs―is often given as the “perfect” example of a natural monopoly. In this case, the fixed costs are associated
with creating and maintaining a distribution network―be it gas or water delivery pipes, wires and switching
networks, etc. It is not “efficient,” so the argument goes, for several water companies to lay the pipes for water
delivery all over a given town.

This paper shows that a case against “natural monopolies” can be made, under some conditions. Specifically,
it is shown that there is an alternate, viable market structure―with an “upstream” market in which one or
more firms own and share the costs of creating and maintaining the distribution network, and a “downstream”
market (i. e. the service market at the last stage of the production/distribution chain) populated by a large
number of firms that are charged a unit price for the network’s usage―that is more efficient than a monopoly.

The analysis conducted here bears a relationship to the literature on monopoly regulation and the literature
on vertical (dis)integration, access pricing, and vertical foreclosure. This relationship is discussed below (see
the discussion following Proposition 1 in Section 3).

The main point of the paper is illustrated, in simple terms, via an example, in Section 2. The general case is
presented in Section 3.

2 An Example

Assuming a cost function 𝐶(𝑞) = 𝐹+𝛼𝑞2, where q denotes output, F > 0 represents the fixed cost of creating and
maintaining the distribution network, and where α is positive, yields a strictly decreasing average cost function
Oriol Carbonell-Nicolau is the corresponding author.
© 2019 Walter de Gruyter GmbH, Berlin/Boston.
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AC(𝑞) = 𝐹
𝑞 + 𝛼𝑞 over the range 0 ≤ 𝑞 < √𝐹

𝛼 . Thus, given a linear market inverse demand function, 𝑝(𝑞) = 𝑎 − 𝑏𝑞,
where a > 0 and b > 0, the minimum of the average cost curve lies to the right of the inverse demand curve if
𝑎
𝑏 < √𝐹

𝛼 . In this case, one has a “natural monopoly,” in the sense that average cost is decreasing over the relevant
output range, 0 ≤ 𝑞 ≤ 𝑎

𝑏 . In addition, it is easy to verify that C(q) is strictly subadditive (recall eq. (1)) over the

relevant output range, 0 ≤ 𝑞 ≤ 𝑎
𝑏 , provided that 𝑎

𝑏 < √𝐹
𝛼 .

The monopoly output allocation is 𝑞mon ≡ 𝑎
2(𝛼+𝑏) , and the corresponding monopoly profit is

𝜋mon ≡ 𝑝(𝑞mon)𝑞mon − 𝐶(𝑞mon) = 𝑎2
4(𝛼 + 𝑏) − 𝐹.

Suppose that 𝜋mon > 0.
We wish to compare the monopoly allocation with that arising in a “segmented” market in which an up-

stream firm, call it M, owns the distribution network and charges firms in the downstream market for service
delivery over the distribution network. As will be clear from the analysis leading to Proposition 1 (in Section 3
below), when the downstream market is populated by a large number of firms, the upstream monopolist serves
approximately the output level 𝑞𝑀 ≈ 𝑎

2𝑏 > 𝑞mon units at price 𝑝𝑀 ≈ 𝑎
2 , which yields a profit of approximately

𝑎2
4𝑏 − 𝐹 > 𝜋mon > 0.

One can gain insight from the comparison of the two market structures. First, because 𝑞𝑀 > 𝑞mon, the
segmented market yields a lower deadweight loss than a monopoly. Second, if a monopoly is viable (i. e. if
𝜋mon > 0) then so is the upstream monopolist, whose profits are given by 𝑎2

4𝑏 − 𝐹 > 𝜋mon > 0. In addition, as
will be clear from the general analysis, the downstream firms also make positive profits. Third, because the
upstream monopolist makes more profits than a sole vendor, the segmented market structure benefits not only
the consumers, but also the monopolist. Intuitively, as the number of downstream firms increases, the markup
in the downstream market decreases (and vanishes in the limit case of perfect downstream competition); in
addition, if the marginal variable cost, c′(·), is increasing in q (as is the case in the above example), downstream
competition reduces downstream production costs (relative to the production costs for a monopoly).

The analysis in Section 3 establishes these facts in greater generality, laying out the assumptions leading to
efficiency gains in the segmented market, and providing intuition for the results.

3 The Main Results

Output can be thought of as some measure of gas, water, or telephone service. The cost function is given by
𝐶(𝑞) = 𝐹 + 𝑐(𝑞), where q denotes output, F > 0 is the fixed cost of creating and maintaining the distribution
network, and c(q) is the variable cost function. Let p(q) be a decreasing market inverse demand function.

The market can be served by a single firm, and in this case there is an efficiency loss, the well-known dead-
weight loss of monopoly. Alternatively, a firm can bear the cost of creating and maintaining the distribution
network, and then charge other firms for the network’s usage. Roughly, under convexity of the variable cost
function, c(q), this market structure will be more efficient than the monopoly. As illustrated by the example in
Section 2, the convexity of c(q) does not preclude cost functions that have been used to define “natural monop-
olies,” namely, those for which the minimizer of the average cost function, AC(𝑞) ≡ 𝐶(𝑞)

𝑞 , lies to the right of
the maximum market demand, i. e. the q for which p(q) = 0, or, alternatively, strictly subadditive cost functions
(recall eq. (1)).

Below we also consider the case when two or more firms share the cost of creating and maintaining the
distribution network in the “upstream” market.

A monopoly is viable if there is a solution 𝑞mon > 0 to the problem

max
𝑞≥0

𝑝(𝑞)𝑞 − 𝐶(𝑞) (2)

that yields positive profits.
Now consider a firm, call it firm M, that owns the distribution network and charges other firms a price for

each unit of “throughput,” i. e. some measure of successful service delivery over the distribution network. Let
𝑝𝑀 be the unit price charged by firm M, and suppose that the “downstream” market is populated by n firms,
which compete in quantities à la Cournot. An output profile (𝑞1, ..., 𝑞𝑛) ∈ ℝ𝑛

+ is a Cournot-Nash equilibrium in
the downstream market if

𝑝(𝑞1 + ... + 𝑞𝑛)𝑞𝑖 − 𝑐 (𝑞𝑖) − 𝑝𝑀𝑞𝑖 ≥ 𝑝 ⎛⎜⎜
⎝

𝑦𝑖 + ∑
𝑗≠𝑖

𝑞𝑗
⎞⎟⎟
⎠

𝑦𝑖 − 𝑐 (𝑦𝑖) − 𝑝𝑀𝑦𝑖
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for each 𝑦𝑖 ≥ 0 and i ∈ {1,..., n}. Suppose that a symmetric Cournot-Nash equilibrium profile (𝑞∗
1 , ..., 𝑞∗

𝑛) with 𝑞∗
1 =

⋯ = 𝑞∗
𝑛 =∶ 𝑞∗(𝑛, 𝑝𝑀) exists.4 Suppose further that the equilibrium entails positive output in the downstream

market, i. e. 𝑞∗(𝑛, 𝑝𝑀) > 0.5 Then, if the profit function is differentiable, 𝑞∗(𝑛, 𝑝𝑀) satisfies

𝑝′(𝑛𝑞∗(𝑛, 𝑝𝑀))𝑞∗(𝑛, 𝑝𝑀) + 𝑝(𝑛𝑞∗(𝑛, 𝑝𝑀)) − 𝑐′(𝑞∗(𝑛, 𝑝𝑀)) − 𝑝𝑀 = 0. (3)

Define 𝑝∗(𝑛, 𝑝𝑀) ∶= 𝑝(𝑛𝑞∗(𝑛, 𝑝𝑀)) as the Cournot-Nash equilibrium price. If market demand is bounded (i. e.
there exists q > 0 such that p(q) = 0) then lim𝑛→∞ 𝑞∗(𝑛, 𝑝𝑀) = 0. Consequently, in view of eq. (3), if p′(·) has an
upper bound, it follows that

lim
𝑛→∞

𝑝∗(𝑛, 𝑝𝑀) = 𝑝𝑀 + lim𝑛→∞ 𝑐′(𝑞∗(𝑛, 𝑝𝑀)) = 𝑝𝑀 + lim
𝑞→0

𝑐′(𝑞) = 𝑝𝑀 + 𝑐0,

where

𝑐0 ≡ lim
𝑞→0

𝑐′(𝑞).

Thus, if there is enough competition in the downstream market, the equilibrium price,

𝑝(𝑛𝑞∗(𝑛, 𝑝𝑀)) = 𝑝𝑀 + 𝑐′(𝑞∗(𝑛, 𝑝𝑀)) − 𝑝′(𝑛𝑞∗(𝑛, 𝑝𝑀))𝑞∗(𝑛, 𝑝𝑀), (4)

is close to 𝑝𝑀 + 𝑐0. Given 𝑝𝑀, demand in the upstream market is given by 𝑞𝑀 = 𝑛𝑞∗(𝑛, 𝑝𝑀). Hence, in view of
eq. (4), the inverse demand function faced by firm M in the upstream market, 𝑝𝑀(𝑞𝑀), is given by

𝑝𝑀(𝑞𝑀) = 𝑝(𝑞𝑀) − 𝑐′ (𝑞𝑀
𝑛 ) + 𝑝′(𝑞𝑀)𝑞𝑀

𝑛 . (5)

For large enough n, this function approximates the graph of 𝑝(𝑞) − 𝑐0 uniformly (over the range of nonnega-
tive prices). If the inverse demand function 𝑝𝑀(𝑞𝑀) is differentiable, the first-order condition for firm M at an
interior optimum point 𝑞∗

𝑀(𝑛) is

𝑝′
𝑀(𝑞∗

𝑀(𝑛))𝑞∗
𝑀(𝑛) + 𝑝𝑀(𝑞∗

𝑀(𝑛)) = 0.

The first main result (Proposition 1 below) rests on the following observations. First, if the marginal cost function
c′(q) is nondecreasing, then, for any large enough n, the upstream market is viable, in the sense that firm M’s
profits at 𝑞∗

𝑀(𝑛) are positive. Second, if the marginal cost function c′(q) is nondecreasing, firm profits in the
downstream market are positive. Third, if the marginal cost function c′(q) is nondecreasing and 𝑐′(𝑞mon) > 𝑐0
(recall that 𝑞mon is the monopoly output, i. e. a solution to eq. (2)), then, for any large enough n, the “segmented”
market structure generates a lower deadweight loss than a monopoly.

To see that both markets are viable, suppose that the marginal cost function c′(q) is nondecreasing. We have
seen that if the number of firms in the downstream market, n, is sufficiently large, the market inverse demand
curve faced by firm M can be taken arbitrarily close (with respect to the sup norm) to 𝑝(𝑞) − 𝑐0. Consequently,
the firm M’s profits at output level 𝑞𝑀 are approximately (𝑝(𝑞𝑀) − 𝑐0)𝑞𝑀 − 𝐹. Hence, letting 𝜋𝑛

𝑀(𝑞𝑀) denote
firm M’s profits at output level 𝑞𝑀 (given n firms in the downstream market), for a profit maximizer 𝑞∗

𝑀(𝑛), and
for any large enough n,

𝜋𝑛
𝑀(𝑞∗

𝑀(𝑛)) ≥ 𝜋𝑛
𝑀(𝑞mon) ≈ (𝑝(𝑞mon) − 𝑐0)𝑞mon − 𝐹 ≥ 𝑝(𝑞mon)𝑞mon − 𝑐(𝑞mon) − 𝐹 > 0,

where the second inequality follows from the fact that c′(q) is nondecreasing, and the last inequality holds
because, by assumption, 𝑞mon yields positive monopoly profits.

Profits for a firm in the downstream market are given by

[𝑝∗
𝑀(𝑛) + 𝑐′(𝑞∗(𝑛, 𝑝∗

𝑀(𝑛))) −𝑝′(𝑛𝑞∗(𝑛, 𝑝∗
𝑀(𝑛)))𝑞∗(𝑛, 𝑝∗

𝑀(𝑛))]𝑞∗(𝑛, 𝑝∗
𝑀(𝑛))

−𝑐(𝑞∗(𝑛, 𝑝∗
𝑀(𝑛))) − 𝑝∗

𝑀(𝑛)𝑞∗(𝑛, 𝑝∗
𝑀(𝑛)),

where 𝑝∗
𝑀(𝑛) ≡ 𝑝𝑀(𝑞∗

𝑀(𝑛)). Rearranging terms gives

[𝑐′(𝑞∗(𝑛, 𝑝∗
𝑀(𝑛))) −𝑝′(𝑛𝑞∗(𝑛, 𝑝∗

𝑀(𝑛)))𝑞∗(𝑛, 𝑝∗
𝑀(𝑛))]𝑞∗(𝑛, 𝑝∗

𝑀(𝑛)) − 𝑐(𝑞∗(𝑛, 𝑝∗
𝑀(𝑛)))

= [𝑐′(𝑞∗(𝑛, 𝑝∗
𝑀(𝑛))) − 𝑝′(𝑛𝑞∗(𝑛, 𝑝∗

𝑀(𝑛)))𝑞∗(𝑛, 𝑝∗
𝑀(𝑛))]𝑞∗(𝑛, 𝑝∗

𝑀(𝑛))
− ∫𝑞∗(𝑛,𝑝∗

𝑀(𝑛))
0 𝑐′(𝑞)𝑑𝑞.

Since c′(q) is nondecreasing and p′(·) < 0, it follows that this expression is positive.
Finally, as n tends to infinity, 𝑞∗

𝑀(𝑛) converges to a point 𝑞• such that 𝑝(𝑞•) + 𝑝′(𝑞•)𝑞• = 𝑐0 (recall that the
inverse demand function faced by firm M uniformly approximates the function 𝑝(𝑞)−𝑐0). Since, by assumption,
𝑐′(𝑞mon) > 𝑐0, it follows that 𝑞• > 𝑞mon. Consequently, for large enough n, 𝑞∗

𝑀(𝑛) generates a lower deadweight
loss than the monopoly quantity 𝑞mon.6

The assumptions and the main conclusions are collected in the following proposition.
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Proposition 1
Assume the following:

– The market inverse demand function p(q) is decreasing, twice differentiable, and bounded in the sense that there exists
q > 0 such that p(q) = 0.

– The map 𝑞 ↦ 𝑝(𝑞) + 𝑝′(𝑞)𝑞 is bounded.

– The variable cost function c(q) is increasing, twice differentiable, and convex, with 𝑐′(𝑞mon) > 𝑐0 ≡ lim𝑞→0 𝑐′(𝑞) (where
𝑞mon is a solution to eq. (2)).

If a monopoly is viable (i. e. if there is a solution to eq. (2) that yields positive profits), then a market structure with a
monopolist in the upstream market and a sufficiently large number of firms in the downstream market is viable (in the
sense that all firms make positive profits). Moreover, output in the downstream market converges, as the number of firms
grows large, to a point 𝑞• such that 𝑝(𝑞•) + 𝑝′(𝑞•)𝑞• = 𝑐0. Since 𝑐′(𝑞mon) > 𝑐0 implies 𝑞• > 𝑞mon, this market structure
yields a lower deadweight loss than a monopoly.

Remark
The reader may wonder whether it would be in the interest of a monopoly to “unbundle” production by

means of the segmented market structure considered in Proposition 1. The answer is in the affirmative, pro-
vided that 𝑐′(𝑞mon) > 𝑐0 and there is enough competition in the downstream market. Indeed, as the number of
downstream firms, n, increases, (i) firm markups in the downstream market vanish, thereby eliminating double
marginalization; and (ii) downstream firms can produce at a lower cost than a monopoly.

Discussion
The overall efficiency of the market structure considered here may not be higher than that for the standard

average cost monopoly pricing rule: depending on the shape of the demand and cost functions, examples can
be constructed in which the segmented market considered in Proposition 1 (resp. the average cost pricing rule)
outperforms the average cost pricing rule (resp. the segmented market considered in Proposition 1). However,
the informational requirements of the average cost pricing rule are significant: the regulator must know both the
cost function and the demand function. By contrast, the segmented market structure considered here requires
only that the firms know their cost function and the market demand function. In addition, for n large, firm M
does not even need to know the function c(q). Indeed, in this case M can infer 𝑐0 from the equilibrium prices
in both markets, since for large n the equilibrium price in the downstream market is approximately 𝑝𝑀 + 𝑐0.
Furthermore, policies favoring market segmentation need not preclude price regulation. In fact, once the market
is segmented, regulation of the price charged by the upstream monopolist may be considered.

The literature on access pricing (cf. Armstrong 2002; Laffont and Tirole 2000) considers an upstream mar-
ket operated by a monopolist, which supplies access services to the downstream (retail) firms. This literature
focuses entirely on regulating access charges in the case when the monopolist also operates in the retail market
(the case of vertical integration). Armstrong, Cowan, and Vickers (1994, Section 5.2.1) and Laffont and Tirole
(2000, Section 2.2.5) briefly touch upon the case of vertical separation, which is related to the market structure
considered here, and which reduces, in the present context, to the case when access charges are set so that
the monopolist breaks even. This pricing rule makes strong assumptions on the information available to the
regulator.

Other authors have studied ownership structure in industries where naturally monopolistic and competi-
tive activities are vertically related. For example, Cremer and De Donder (2013) take the case of vertical sep-
aration (i. e. the situation in Proposition 1, which they call ownership unbundling), with competition in the
downstream market, as the point of departure, and ask whether so-called legal unbundling―an ownership
structure whereby the upstream firm chooses the size of the network to maximize the sum of its profits and
those of a downstream subsidiary firm―can lead to a social welfare improvement.

To conclude this discussion, we comment on the relationship between the market structure considered in
Proposition 1 and the notion of vertical foreclosure studied in Rey and Tirole (2007). Vertical foreclosure refers
to situations in which an upstream monopolist, which produces a key input for downstream use, deliberately
restricts competition in the downstream segment of the market, favoring just a few downstream firms, by deny-
ing proper access to the input to potential downstream competitors.

Since the presence of vertical foreclosure may hamper the welfare-improving market structure considered
in this paper―which relies, in a crucial way, on the existence of competition in the downstream segment of the
market―it is important to understand the conditions under which this phenomenon is more likely to occur.

First, we show that, in our setting, vertical foreclosure will not arise. The absence of vertical foreclosure is
consistent with the Chicago School critique (see Rey and Tirole 2007 and references therein), which questions
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the rationale for excluding downstream competitors. Recall that the inverse demand function faced by the up-
stream monopolist, M, is given by eq. (5). The partial derivative of the right-hand-side of eq. (5) with respect to
n is

𝑞𝑀
𝑛2 𝑐″ (𝑞𝑀

𝑛 ) − 𝑝′(𝑞𝑀)𝑞𝑀
𝑛2 .

Since c(·) is convex and p(·) is decreasing, this expression is positive. Consequently, an increase in the number
of active firms in the downstream market shifts the upstream monopolist’s inverse demand curve, 𝑝𝑀(𝑞𝑀),
outward. Therefore, since M’s profits at 𝑞𝑀 are given by 𝑝𝑀(𝑞𝑀)𝑞𝑀−𝐹, it follows that the upstream monopolist’s
profits are positively correlated with the degree of competition in the downstream market, as measured by n.
Thus, the upstream monopolist benefits from downstream competition and, to the extent that downstream
competition improves social welfare, the monopolist’s objectives in the segmented market do not conflict with
those of a benevolent planner.7

Recall that an increase in the number of active firms in the downstream segment of the market, n, shifts the
upstream monopolist’s inverse demand curve, 𝑝𝑀(𝑞𝑀), outward. Whether or not this outward shift translates
in a larger industry output, and hence a lower deadweight loss, depends on whether the upstream monopolist
expands output in response to increased competition in the downstream segment of the market.

The first-order condition for M at an interior optimum point 𝑞𝑀 > 0 sets the marginal revenue curve equal
to zero:

𝑝′
𝑀(𝑞𝑀)𝑞𝑀 + 𝑝𝑀(𝑞𝑀) = 0.

Using eq. (5), the marginal revenue curve is expressible as follows:

𝑝′(𝑞𝑀)𝑞𝑀 − 𝑐″ (𝑞𝑀
𝑛 ) 𝑞𝑀

𝑛 + 𝑝″(𝑞𝑀)
𝑞2𝑀
𝑛 + 𝑞𝑀

𝑛 𝑝′(𝑞𝑀) + 𝑝(𝑞𝑀) − 𝑐′ (𝑞𝑀
𝑛 ) + 𝑝′(𝑞𝑀)𝑞𝑀

𝑛 .

Differentiating with respect to n gives

𝑞𝑀
𝑛3 𝑐‴ (𝑞𝑀

𝑛 ) + 2
𝑞𝑀
𝑛2 𝑐″ (𝑞𝑀

𝑛 ) − 𝑞𝑀
𝑛2 (𝑝′(𝑞𝑀) + 𝑝″(𝑞𝑀)𝑞𝑀) − 𝑝′(𝑞𝑀)𝑞𝑀

𝑛2 . (6)

Because c(·) is convex and 𝑝′(⋅) ≤ 0, this expression is positive if

𝑝′(𝑞𝑀) + 𝑝″(𝑞𝑀)𝑞𝑀 ≤ 0, for each 𝑞𝑀, (7)

and 𝑐‴(⋅) ≥ 0 (i. e. the marginal cost curve is convex). In this case, an increase in n results in an outward
shift of the monopolists marginal revenue curve, implying a larger equilibrium industry output, and, in turn,
a lower deadweight loss. The condition eq. (7) is standard in the literature (see, e. g. Novshek (1985, Theorem
3, Condition (3)), Vives (1999, § 4.2), and Yi (1998, Assumption 2)) and ensures that the marginal revenue curve
is decreasing. While assuming convexity of the marginal cost curve seems restrictive, it is worth pointing out
that this assumption can be dropped for large n. Indeed, note from the derivative in eq. (6) that, even when the
third derivative c′′′(·) is negative, the effect of the first term in eq. (6) is an order of magnitude smaller, for large
n, than that of the other terms in eq. (6).

Having considered the case of a monopoly in the upstream market, we turn to a market structure in which
two or more firms share the fixed cost F and compete for service in the upstream market. It will be shown that
this arrangement improves the overall market efficiency.

For 𝑚 ≥ 2, assume that an m-firm oligopoly with constant marginal cost 𝑐0 and fixed cost sharing is viable,
i. e. consider the symmetric m-firm Cournot game in which firm i’s profit at output profile (𝑞1, ..., 𝑞𝑚) is given
by

𝑝(𝑞1 + ... + 𝑞𝑚)𝑞𝑖 − 𝑐0𝑞𝑖 − 𝐹
𝑚,

and suppose that any symmetric output profile (𝑞, ..., 𝑞) ≫ 0 satisfying the first-order condition for an interior
symmetric Cournot-Nash equilibrium,

𝑝(𝑚𝑞) + 𝑝′(𝑚𝑞)𝑞 = 𝑐0,

yields positive profits for each firm.8 Let P be the price charged by the firms in the upstream market. As before,
the n firms in the downstream market compete in quantities à la Cournot. An interior output per firm at a
symmetric Cournot-Nash equilibrium in the downstream market, 𝑞∗(𝑛, 𝑃) > 0, satisfies the analogue to eq. (3):

𝑝′(𝑛𝑞∗(𝑛, 𝑃))𝑞∗(𝑛, 𝑃) + 𝑝(𝑛𝑞∗(𝑛, 𝑃)) − 𝑐′(𝑞∗(𝑛, 𝑃)) − 𝑃 = 0.
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From the previous analysis, the inverse demand function faced by the firms in the upstream market is given by

𝑃(𝑄) = 𝑝(𝑄) − 𝑐′ (𝑄
𝑛 ) + 𝑝′(𝑄)𝑄

𝑛 .

An output profile (𝑄1, ..., 𝑄𝑚) ∈ ℝ𝑚
+ is a Cournot-Nash equilibrium in the upstream market if

𝑃(𝑄1 + ... + 𝑄𝑚)𝑄𝑖 ≥ 𝑝 ⎛⎜⎜
⎝

𝑦𝑖 + ∑
𝑗≠𝑖

𝑄𝑗
⎞⎟⎟
⎠

𝑦𝑖

for each 𝑦𝑖 ≥ 0 and i ∈ {1,...,m}. Let (𝑄∗(𝑚, 𝑛), ..., 𝑄∗(𝑚, 𝑛)) be a symmetric Cournot-Nash equilibrium profile.9
Suppose that 𝑄∗(𝑚, 𝑛) > 0.10 Then 𝑄∗(𝑚, 𝑛) satisfies

𝑃′(𝑚𝑄∗(𝑚, 𝑛))𝑄∗(𝑚, 𝑛) + 𝑃(𝑚𝑄∗(𝑚, 𝑛)) = 0.

For large n, P(Q) uniformly approximates (given p′(·) bounded) 𝑝(𝑞) − 𝑐0, and so it follows that for large n,
𝑄∗(𝑚, 𝑛) approximates 𝑄∗(𝑚) such that

𝑝(𝑚𝑄∗(𝑚)) + 𝑝′(𝑚𝑄∗(𝑚))𝑄∗(𝑚) = 𝑐0. (8)

For 𝑚 ≥ 2, one has 𝑄(𝑚) ≡ 𝑚𝑄∗(𝑚) > 𝑞•, where 𝑞• is defined by 𝑝(𝑞•) + 𝑝′(𝑞•)𝑞• = 𝑐0. Indeed, the map
𝑄 ↦ 𝑝(𝑄) + 𝑝′(𝑄)𝑄

𝑚 is increasing in m, for

𝜕(𝑝(𝑄) + 𝑝′(𝑄)𝑄
𝑚)

𝜕𝑚 = −𝑝′(𝑄) ⋅ 𝑄
𝑚2 > 0,

and so 𝑄(𝑚) > 𝑞• for 𝑚 ≥ 2. Therefore, since 𝑞• > 𝑞mon by Proposition 1, it follows that for any large enough
n, 𝑚𝑄∗(𝑚, 𝑛) yields a lower deadweight loss than the monopoly quantity 𝑞mon. Moreover, 𝑄(𝑚 + 1) > 𝑄(𝑚) for
any 𝑚 ≥ 2, so that the deadweight loss decreases with m.

If market demand is bounded (i. e. there exists q > 0 such that p(q) = 0) then lim𝑚→∞ 𝑄∗(𝑚) = 0 and, in view
of eq. (8), lim𝑚→∞ 𝑝(𝑄(𝑚)) = 𝑐0. Thus, as m grows large, the deadweight loss vanishes.

On the other hand, because 𝑄∗(𝑚) satisfies eq. (8), the viability assumption implies that

𝑝(𝑚𝑄∗(𝑚))𝑄∗(𝑚) − 𝑐0𝑄∗(𝑚) − 𝐹
𝑚 > 0.

But profits per firm in the upstream market converge, as n grows large, to the left-hand side of this inequality,
and so it follows that upstream firms make positive profits for large n. The viability of downstream firms can
be established as in the proof of Proposition 1.

For the case of cost sharing in the upstream market, the following result has been obtained.

Proposition 2. Assume the following:

– The market inverse demand function p(q) is decreasing, twice differentiable, and bounded in the sense that there exists
q > 0 such that p(q) = 0.

– The map 𝑞 ↦ 𝑝(𝑞) + 𝑝′(𝑞)𝑞 is bounded.

– The variable cost function c(q) is increasing, twice differentiable, and convex, with 𝑐′(𝑞mon) > 𝑐0 ≡ lim𝑞→0 𝑐′(𝑞) (where
𝑞mon is a solution to eq. (2)).

If an m-firm oligopoly with constant marginal cost 𝑐0 and fixed cost sharing is viable, then a market structure with m
firms in the upstream market and a sufficiently large number of firms in the downstream market is viable (in the sense
that all firms make positive profits) and yields a lower deadweight loss than a monopoly. Moreover, the deadweight loss is
decreasing with m, and vanishes for large m.
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Notes
1 See, e. g. Braeutigam (1989).
2 In the literature, the definition of a natural monopoly tends to agree with the notions presented above. However, some authors work
with slightly different concepts. For example, Kreps (2004) is careful enough to require not only decreasing average (or strictly subadditive)
costs, but also marginal costs that are “constant or falling for levels that are large relative to market demand,” in addition to substantial
fixed costs. Our results require increasing marginal costs, and so they do not cover Kreps’ definition.
3 The cost efficiency argument fails to account for the deadweight loss of monopoly, which exceeds that for an industry in which two
or more firms compete to sell their output. From a welfare perspective, competition may be desirable in spite of the cost efficiency loss
associated with strictly subadditive cost functions.
4 A symmetric Cournot-Nash equilibrium exists under the following assumptions (cf. McManus 1964; Novshek 1985, Theorem 1): (i)
𝑝 ∶ [0, +∞) → ℝ+ is nonincreasing and upper semicontinuous, and the total revenue function is bounded; and (ii) 𝑐 ∶ ℝ+ → ℝ+ is
continuous, increasing, and convex. 4.
5 It will be seen later that under this further assumption, and for any large enough n, the firm M sets its price approximately equal to
𝑝(𝑞•) − 𝑐0, where 𝑐0 ≡ lim𝑞→0 𝑐′(𝑞) and 𝑞• > 𝑞mon > 0 satisfies 𝑝(𝑞•) + 𝑝′(𝑞•)𝑞• = 𝑐0. At this price, there is no equilibrium in the
downstream market in which all firms shut down. Indeed, because p′(·) < 0, so that 𝑝(0) > 𝑝(𝑞•), a downstream firm best responds to a
zero output profile by choosing a positive output level.
6 As is standard in the literature, here we approximate the deadweight loss associated with a given market allocation by the sum of
consumer and producer surplus forgone, relative to an efficient resource allocation. As is well-known, this measure is precise enough if
income effects are sufficiently small. Vives (1987) formalizes Marshall’s (1920) idea that income effects are small when the proportion of
income spent on any commodity is small.
7 In a framework with incomplete information and nonlinear pricing, Rey and Tirole (2007) show that vertical foreclosure may occur if the
upstream monopolist cannot commit to a pricing policy.
8 Note that if p′(·) < 0 and c′(q) is nondecreasing, then firms make profits only if 𝑝(0) > 𝑐0. 8.
9 If p(q) is continuous and decreasing, and there exists q such that p(q) = 0, then the existence of such an equilibrium follows from the
Theorem in Roberts and Sonnenschein (1976).
10 This assumption is, in fact, without loss of generality, at least for large enough n. Indeed, for large n, P(Q) uniformly approximates
(given p′(·) bounded) 𝑝(𝑞) − 𝑐0, and since 𝑝(0) > 𝑐0 (see footnote 8), it follows that an upstream firm’s best response to a zero output profile
is a positive output level.
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