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Abstract

We study games with intransitive preferences that admit skew-symmetric represen-
tations. We introduce the notion of surrogate better-reply security for discontinuous
skew-symmetric games and elucidate the relationship between surrogate better-reply
security and other security concepts in the literature. We then prove existence of behav-
ioral strategy equilibrium for discontinuous skew-symmetric games of incomplete
information (and, in particular, existence of mixed-strategy equilibrium for discontin-
uous skew-symmetric games of complete information), generalizing extant results.

Keywords Skew-symmetric game - Bayesian game - Existence of Nash equilibrium -
Discontinuous game - Behavioral strategy
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1 Introduction

A number of important applications of Game Theory involve discontinuous payoff
functions. Building on previous work of Dasgupta and Maskin (1986), Simon (1987),
and others, Reny (1999) derived a number of existence results for games with discon-
tinuous payoffs using various weakenings of upper semicontinuity of payoffs (such
as Simon’s (1987) reciprocal upper semicontinuity or Dasgupta and Maskin’s (1986)
upper semicontinuity of the sum of payoffs) and lower semicontinuity of payoffs
(such as the notion of payoff security). If strategy sets are convex and payoffs are
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quasiconcave in own actions, then these weakenings of upper and lower semiconti-
nuity can be applied to derive pure-strategy existence results.! The mixed extension
of a game will satisfy the convexity and quasiconcavity assumptions so these pure-
strategy existence results can be applied to the mixed extension if the mixed extension
itself satisfies the Reny weakenings of upper and lower semicontinuity. It is however
useful to identify conditions on the primitives of a complete information game imply-
ing that the mixed extension will satisfy the Reny conditions (therefore implying the
existence of a mixed-strategy equilibrium). Such conditions are typically easier to
verify and one such condition, called uniform payoff security in Monteiro and Page
(2007), guarantees that the mixed extension of a strategic-form game is payoff secure.
In Carbonell-Nicolau and McLean (2018), this mixed-strategy result is generalized in
order to obtain the existence of equilibrium in behavioral and distributional strategies
in games of incomplete information with discontinuous payoffs. In related work, He
and Yannelis (2016a) extend the mixed-strategy result of Allison and Lepore (2014)
for games satisfying disjoint payoff matching to the incomplete information setup.

All of the aforementioned results are formulated in the framework of strategic-form
games with a utility representation, i.e., games in which each player’s preference order
defined on the set of all strategy profiles is represented by a real-valued payoff function.
Several recent papers have investigated the extent to which these results for games with
discontinuous payoff functions can be extended to the case in which a player’s pref-
erence order need not be representable by a utility function. Reny (2016a) introduces
the notions of point security and correspondence security for games in which players’
preference relations are complete, reflexive, and transitive, and generalizes existence
results for strategic-form games with payoff functions found in Reny (1999), Barelli
and Meneghel (2013), and McLennan et al. (2011). Carmona and Podczeck (2016)
introduce the notions of point target security and correspondence target security and
provide several further generalizations of these results. For related results in games and
models of abstract economies in which agents’ preferences need not be representable
by utility functions, see Reny (2016c) and He and Yannelis (2016b).

The existence results in these papers, while generalizing many results for strategic-
form games, are pure-strategy existence results that weaken the assumption that
preferences are representable by payoff functions but retain the assumption of con-
vexity of the players’ strategy sets and, in several results, the convexity assumption
of preferences. In the absence of convexity of strategy sets and/or preferences, one
naturally looks for an equilibrium in mixed strategies. It is the goal of this paper
to generalize certain of the aforementioned results in a framework that weakens the
assumption that discontinuous preferences are representable by utility functions while
still allowing for a tractable theory of mixed-strategy equilibrium in the absence of
convexity. Consequently, our approach is based on complete, reflexive preference rela-
tions that need not satisfy transitivity but do admit a skew-symmetric representation.

To introduce this idea, let S be a nonempty set. A function ¢ : S x § — R is skew-
symmetric if (x,y) = —@(y, x) for all (x, y) € S x §. Obviously, skew symmetry
implies that ¢ (x, x) = 0 for all x € S. A relation - in § x S has a skew-symmetric

I For an excellent survey of this literature including extensive references, see Carmona (2013). For more
recent results, see Reny (2016b).
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representation if there exists a skew-symmetric function ¢ : § x § — R satisfying
yZx & e(y,x)=0.

From the definition, it follows that every relation -, admitting a skew-symmetric
representation is reflexive and complete, and if 7~ admits a utility representation u :
S — R, then 7, admits the skew-symmetric representation ¢ (x, y) = u(x) — u(y).

In the case of a consumer with a preference relation defined on § = RJLF for
some L > 0, Shafer (1974) characterized preferences admitting a skew-symmetric
representation in terms of comparability (reflexivity and completeness), convexity, and
continuity axioms. In the case of decision making in the presence of risk, Fishburn
extended the linear theory of von Neumann and Morgenstern to the case of intransitive
preferences and in several papers, Fishburn studies the axiomatic structure of skew-
symmetric bilinear utility theory and its properties. This work is presented in the
comprehensive monograph of Fishburn (1988b) that also presents his skew-symmetric
bilinear extension of Savage’s (1972) subjective expected utility theory.

Intransitive preferences in games arise naturally in strategic interactions among
groups of agents taking collective actions. These situations can often be modeled as
games admitting a skew-symmetric representation, and we illustrate this idea in the
context of Bayesian games.

Summarizing, we wish to weaken the order assumption on preferences but still
retain sufficient structure so as to allow for mixed-strategy equilibria in the absence
of convex preferences or convex strategy sets. In addition, we want to recover as
special cases the extant results concerning mixed-strategy equilibria of discontinuous
complete information games and distributional/behavioral strategy equilibria of dis-
continuous incomplete information games. To that end, we introduce the notion of
surrogate function that will form the basis for the various security definitions that we
will present in the context of games with preferences represented by a skew-symmetric
function.

Following a presentation of basic definitions in Sect. 2, we define, in Sect. 3, the
basic concept of surrogate better-reply security and its generalizations, surrogate point
security and surrogate correspondence security. We note that surrogate better-reply
security (resp. surrogate point and correspondence security) generalizes the notion of
better-reply security (resp. point and correspondence security) defined in Reny (1999)
(resp. Reny (2016a) ) in the case of strategic-form games, and we record several exis-
tence theorems for skew-symmetric discontinuous games satisfying these surrogate
security definitions. Informally, our surrogate security concepts allow us to replace a
game defined by skew-symmetric evaluation functions with a new ‘“‘surrogate” game
satisfying reflexivity, completeness and transitivity whose equilibria yield equilib-
ria of the original game. We can then apply an existence result in Reny (2016a) or
Nessah and Tian (2016) to the surrogate game, thus establishing the existence of equi-
librium in the original problem. In Sect. 4, we introduce uniform surrogate payoff
security for skew-symmetric games of incomplete information as a generalization of
the notion of uniform payoff security defined in Carbonell-Nicolau and McLean (2018)
for strategic-form games, and we provide a behavioral strategy equilibrium existence
result for discontinuous incomplete information skew-symmetric games. A simple

@ Springer



938 0. Carbonell-Nicolau, R. P. McLean

application illustrates the existence results in Sect. 4.4. In the case of strategic-form
games, our results for games of incomplete information can be specialized to games
of complete information, resulting in existence theorems that strictly generalize the
mixed-strategy result in Monteiro and Page (2007). In the case of skew-symmetric
games, the analysis extends that of Fishburn and Rosenthal (1986), who proved the
existence of a mixed-strategy Nash equilibrium in strategic-form games with finitely
many actions.

2 Preliminaries

Giveni € {1,..., N} and sets Xy, ..., Xy, define X_; := X ;»; X;; given i, the
set X j.VZIX ;j 18 sometimes represented as X; x X_;, and we sometimes write z =

(zi, z—i) € X; x X_; for a member z of x?’:lXj.

Definition 1 A game is a collection G = (X;, ?Li),N:p where N is a finite number of
players, X; is a nonempty set of actions for player i, and ~—; is a preference relation for
player i defined on the set X := x ,N: 1 X of action profiles, i.e., 2Z; is a binary relation
in X x X.

We say thata game G = (X;, 72 )fV: | has a skew-symmetric (SSYM) representation
if for each i there exists a skew-symmetric map ¢; : X x X — R satisfying?

yZix & i(y,x) >0, forall (x,y)e X x X.

A skew-symmetric (SSYM) game is a collection G = (X;, (pi)f\’: 1
i + X x X — R is skew-symmetric and each X; is a topological space.

A strategic-form (SF) game is a collection G = (X;, ui)l{v: > whereeachu; : X —
R is a payoff function and each X; is a topological space.

Obviously, every SF game G = (X;, u;) lN: | has an equivalent representation as an
SSYM game G = (X;, (p,-)lN:1 where ¢; (x, y) = u; (x)—u;(y) foreach (x, y) € Xx X
andi.

where each

Definition 2 We say that G = (X;, <pl-)lN=1 is compact (resp. metric) if each X; is
a compact (resp. metric) space. The game G = (X;, (p,-)fvz | 18 quasiconcave if for
each i, X; is a convex subset of a linear space and the map x; — ¢; ((x;, z2—;), z) is
quasiconcave on X; for each z € X .3 The game G = (X, §0i),N=1 is bounded if for
eachi, ¢; : X x X — R is bounded.

Definition 3 A Nash equilibrium of an SSYM game (X;, go,-)lN: | 18 a strategy profile
(z1,...,2N) € xlNle,- such that for each i,

@i ((xi,z-i),2) <0, forall x; € X;.

2 The map ¢; is skew-symmetric if ¢; (x, y) = —¢;(y, x) forall (x,y) € X x X.

3 In the special case of SF games, this notion of quasiconcavity reduces to the standard notion of quasi-
concavity in own strategies.
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When (X;, ¢;) lN: | has a utility representation, Definition 3 reduces to the standard
notion of equilibrium for strategic-form games.

When each X; is a finite set, Fishburn and Rosenthal (1986) proved the existence of
a mixed-strategy equilibrium by mimicking Nash’s “adjustment function” argument
that only utilizes Brouwer’s Fixed Point Theorem. However, the classical argument for
existence of a pure-strategy equilibrium based on the Kakutani Fixed Point Theorem
also trivially applies if enough continuity is assumed. For example, suppose that each
X; is acompact, nonempty, convex subset of R for somem; > 1.Inaddition, suppose
that each ¢; is continuous on X x X and x; — ¢;((x;, z—;), z) is quasiconcave for
each z € X. Now define

wi(z) = arg max ¢; ((x;, z—;), z), foreachz e X.
X,‘EX,‘

Then, combining Berge’s Maximum Theorem and the Kakutani Fixed Point Theorem,
it follows that there exists x* € X such that for each x € X, we have

x* e (x*) x - x pp(x™),

ie.,
@i ((xi, xX), x%) < @i (x*, x™) = 0.

A mixed-strategy equilibrium result is similarly straightforward.

Note the assumption here that ¢; is continuous on X x X, which allows us to apply
Berge’s Maximum Theorem in the usual way. This raises some delicate issues later
when trying to formulate a discontinuous generalization of the better-reply security
condition introduced in Reny (1999) that includes Reny’s original definition in the
special case where ¢; (x, y) = u;(x) — u;(y) for each (x, y) € X x X.

Of course, there is also an obvious approach to existence using some version of the
Ky-Fan inequality. Let

N
F(x,2) =) ¢i((xi,2-), 2).

i=1

Then x* € X is an equilibrium if and only if
F(x,x*) <0, forallx € X.

Consequently, any assumptions that guarantee the existence of a solution to the Ky-Fan
inequality will yield an equilibrium even in the SSYM generalization. For example,
we can deduce the existence of an equilibrium from the Ky-Fan inequality if for each
i, x;i — @;i((xj,z—i), z) is concave for each z € X and z — ¢; ((x;, z—;), 2) is lower
semicontinuous for each x; € X;. Of course, one can ask whether an equilibrium exists
when x; — ¢; ((x;, z—;), z) is quasiconcave for each z € X and z — ¢; ((x;, 2—i), 2)
is lower semicontinuous for each x; € X;, and we can answer this in the affirmative
as consequence of our main result below.
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3 Complete information games: pure-strategy equilibrium

Throughout this section, we will assume that for each i, X; is a nonempty subset of a
locally convex Hausdorff topological vector space.

3.1 Surrogate better-reply security

We begin by recalling the basic notion of better-reply security for SF games. Given
an SF game G = (X;, u,-)lNzl, the graph of G is the set

' i ={(x,a)e X x RV . (u1(x), ..., uny(x)) = a}.

The closure of I'g in X x RY is denoted by Te.

Definition 4 (Reny 1999) An SF game G = (X, Mi)lN: | 18 better-reply secure if
whenever (x*, &*) € T and x* is not a Nash equilibrium of G, there existi, x; € X;,
and an open set V.« containing x* such that

. — k
inf wu;(X;,z2-) > o
z€Vx

We wish to extend this definition to SSYM games so that, when specialized to SF
games with bounded payoffs , we recover the definition of Reny (1999) .
Given amap H : X — RY, define the graph of H by

Ty ={(x,a)e X xRY:Hx) =a},

and let T 7 represent the closure of I'y; in X x RV,

Definition5 An SSYM game G = (X;, goi)lN= | is surrogate better-reply secure if
there exists a bounded function H : X — R such that, whenever (x*, «*) € Ty
and x* is not a Nash equilibrium of G, then there existi, X; € X;, and an open set V«
containing x* such that

inf [¢;((Xi,2-i),2) + Hi(2)] > of.
zeVix

A function H : X — RV satisfying the condition in Definition 5 is called a
surrogate function for the game G = (X;, <p,-)l.N= | in which case we will say that the
game G = (X;, goi)fvz | 1s surrogate better-reply secure with respect to H. A similar
convention will be followed for the successively more general notions of surrogate
security that we will define in this paper.

Remark 1 An SF game G = (X;, u;) lN: | with bounded payoff functions is better-reply
secure if and only if the associated SSYM game G = (X, <p,-)lN: | with @; (x, y) =
u;(x) — u;i(y) is surrogate better-reply secure with respect to H where H; = u; for
each i. In the following example, we show that a strategic-form game can satisfy
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surrogate better-reply security but not better-reply security. That is, surrogate better-
reply security strictly generalizes better-reply security even for strategic-form games.

Example 1 Consider the two-player SF game G = ([0, 1], [0, 1], u1, uz), where up =
0 and
1 ifx; €[0,1)and xp =0,
0 ifx; €[0,1)and xp # 0,
ui(xy, x2) := .
2 ifx;=1and x, =0,
1

if x; = 1 and xp # 0.

Note that G is compact and quasiconcave. Compactness is clear. Quasiconcavity
follows from the fact that u1 (-, x2) is nondecreasing for each x, € [0, 1].

The game G fails better-reply security. To see this, note that (x*, u(x*)) =
((0,0), (1,0)) € Tg. Suppose that Vy« is open in X and (0, 0) € V. If there exists
an x| such that

inf u;(xy,z2) > 1
z€Vx
then x| = 1. However, every open set containing (0, 0) contains a point z such that
zo > 0. Since u(1, zp) = 1 if zo > 0, it follows that

inf u;(x1,22) < 1.
zeVix

A strategy pair (x1, x2) is not an equilibrium if and only if (x1, x2) € [0, 1) x [0, 1].
To see that G satisfies surrogate better-reply security, let H; = 0 for each i. We claim
that G is surrogate better-reply secure with respect to H. In particular, we must show
that, for every (x{, x3) € [0, 1) x [0, 1], there exists x| € [0, 1] and an open set V,+
with x* € V,+ such that

inf [uy(X1, z2) —u1(z1,z2)] > 0.
ZGVX*

Choose (x], x3) € [0,1) x [0, 1]. Let X; = 1 and choose an open set Vy« with
x* € Vi« sothat 71 < 1 forevery z € Vy+. If z € Vy+ then

ui(l, z2) —ui(z1,22) =1,

implying that
inf [u1(x1, 22) —ui(zi,z2)] = 1.
zeVyx
Remark 2 1In the case of an SF game G = (X, ul-)lN: | with bounded payoff functions,
surrogate better-reply security with respect to H where H; = 0 for each i is equivalent
to the notion of weak transfer continuity of Nessah and Tian (see Definition 3.1 in
Nessah (2011)).

As a consequence of a more general result (Theorem 1) that we will prove later, we
have the following pure-strategy existence theorem for SSYM games that generalizes
Theorem 3.1 in Reny (1999).
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Proposition 1 Suppose that G = (X;, <p,-)lN: | is a bounded, compact, quasiconcave
SSYM game satisfying surrogate better-reply security. Then, G possesses a Nash equi-
librium.

The following corollary is immediate since an SSYM game is surrogate better-reply
secure (with respect to the surrogate function H = 0) if x — ¢; ((y;, x—;), x) is lower
semicontinuous for each i and each y; € X;.

Corollary 1 (to Proposition 1) Suppose that G = (X;, <p,~)lN: | is a bounded, compact,
quasiconcave SSYM game with the property that x +— @;((yi, x—;), X) is lower semi-
continuous on X for each i and each y; € X;. Then G possesses a Nash equilibrium.

3.2 Surrogate point security

Definition 6 (Reny 2016a) aN SF game G = (X;, ui)fV: | is point secure if whenever
x* is not a Nash equilibrium of G, there exist X € X and an open set U containing x*
such that for each y € U there is a player i such that

ui(xi, x";) > u;(y), forallx’ eU.

Definition 7 (Reny 2016a) An SF game G = (X, u,-)lN:] is point secure* if whenever
x* is not a Nash equilibrium of G, there exist X € X and an open set U containing x*
such that for each y € U there is a player i such that

yi ¢ colw; € X; 1u;(xi, x;) < ui(wi, y—;)}, forallx’ € U.

Remark 3 1f the SF game G = (X;, u,-)lN= | is point secure and for each i the function
x; — u;i(x;, x_;) is quasiconcave for each x_;, then G is point secure*.

Remark 4 Example 1 violates point security. To see this, note that (0, 0) is not a Nash
equilibrium and since u1(0, 0) = 1, in this game the above definition requires that
ur(1, xé’ ) > 1 for all x” in some neighborhood of (0, 0). This is impossible since for
x” arbitrarily close to (0, 0) with x} % 0 we have u(1, xJ) = 1.

Definition8 AnSSYM game G = (X;, ¢;) lN: | issurrogate point secure if there exists
a function H : X — R such that, whenever x* is not a Nash equilibrium of G, there
exist ¥ € X and an open set U containing x* such that for each y € U there is an i
such that

@i (xi, x";), x") + Hi(x) > Hi(y), forallx’ e U.

Definition9 An SSYM game G = (X;, QDi),N: | is surrogate point secure* if there
exists a function H : X — RY such that, whenever x* is not a Nash equilibrium of
G, there exist X € X and an open set U containing x* such that for each y € U there
is an i such that

yi ¢ co{w; € X; 1 i ((Xi, x_,), x') + Hi(x") < @i (wi, y—i), y) + Hi(y)}

forallx’ e U.
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Remark 5 1f the SSYM game G = (X;, (pi)lN: | is surrogate point secure and for each
i the function x; — ¢;((x;, z—i), z) is quasiconcave for each z, then G is surrogate
point secure*.

Remark 6 1t is easy to see that for SF games, point security implies surrogate point
security of the associated SSYM game by choosing the surrogate function H with
H; = u; for eachi.

Before proving that surrogate better-reply security implies surrogate point security,
we provide an intermediate surrogate security definition that generalizes the notion of
B-security in McLennan et al. (2011).

Definition 10 An SSYM game G = (X;, <p,-)lN: | is surrogate B-secure if there exists
a bounded function H : X — RY such that, whenever x* € X is not a Nash
equilibrium of G, there exist an open set Vy+ containing x*, o € RY, and ¢ >
0 such that the following is satisfied: (a) there exists x € X such that for each i,
@i ((x;, x" ), x") + H; (x") > aj +¢ foreach x” € V,+; and (b) for each x" € V,+, there
is a player i with H; (x") < a; — ¢.

Lemma1 (i) If the SSYM game G = (X;, <Pi),N:1 is bounded and surrogate better-
reply secure, then G is surrogate B-secure. (i) If the SSYM game G = (X, (p,-)lN: L is
surrogate B-secure, then G is surrogate point secure.

Proof (i) Suppose that G = (X;, <pl~)lN: | is bounded and surrogate better-reply secure
with (bounded) surrogate function H. Suppose that x* € X is not a Nash equilibrium
of G. Define, for each i,

Bi := sup sup inf [¢;((X;, x";), x") + Hi(x")].

xX;i€X; Uax*X ev

Applying the argument in the proof of Lemma 2.5 in McLennan et al. (2011), we see
that there exists ¢ > 0 such that if x” — x* and H(x") — «’ then there is an i
with 8; > alf + 2¢. Defining o € RN by o; := Bi — ¢, there exist Vy= and X € X
such that for each i , ¢; ((x;, x",), x") + H;(x") > a; + ¢ for each x" € V,«. This
establishes item (a) of Definition 10. The proof that (b) of Definition 10 holds is a
verbatim transcription of the argument in the last paragraph of the proof of Lemma
2.5 in McLennan et al. (2011).

(i1) Suppose that SSYM game G = (X;, ¢;) lN: | is surrogate B-secure with surrogate
function H. Suppose that x* € X is not an equilibrium of G. Then, there exist an open
set Vyx containing x*, o € RY, and ¢ > 0 such that the following is satisfied: (a)
there exists X € X such that for each i, ¢; ((x;, x"_,), x") + H; (x") > «; + ¢ for each
x" € Vy=; and (b) for each x’ € V,«, there is a player i with H;(x") < a; — ¢. Fix
x" € Vy«. Then, there is a player i for whom

i (X, x" ), x")+ Hi(x") > a;i + & >a; —e > Hi(x"), forallx” € Vys.
Thus, G is surrogate point secure with respect to H. O
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We now extend Theorems 3.4 and Theorem 5.5 in Reny (2016a) to relations admit-
ting an SSYM representation satisfying surrogate point security.

Proposition 2 Suppose that the SSYM game G = (X;, ¢; ),N: | is compact and surrogate
point secure™ with X; convex for each i. Then, G possesses a Nash equilibrium.

Proposition 2 follows from the main existence result, Theorem 1, which is presented
in Sect. 3.3.

Corollary 2 (to Proposition 2) Suppose that the SSYM game G = (X;, goi)fvz | is com-
pact, quasiconcave, and surrogate point secure. Then, G possesses a Nash equilibrium.

Adapting the definition of Tian (1992) to the SSYM framework, we have:

Definition 11 A skew-symmetric function ¢; : X x X — R is O-transfer lower
semicontinuous in X with respect to X; if for each (x;,z) € X; x X satisfying
@i ((xi, z—i), z) > 0 there exist X; € X; and an open set U containing x such that

@i (xi,x";),x") >0, forallx’ eU.

Generalizing the definition of Prokopovych (2013, Example 1) to the skew-
symmetric framework, we have:

Definition 12 An SSYM game G = (X;, <p,-)lN: | satisfies the single player deviation
property if whenever x* is not a Nash equilibrium of G, there exist X € X and an open
set U containing x* and an i such that

@i ((xi,x";),x") >0, forallx’ eU.

If z = ¢i((xi,z—i), z) is lower semicontinuous for each x; € X;, then ¢; is 0-
transfer lower semicontinuous in X with respect to X;. If G = (X;, <pl-)lN: | 1s an
SSYM game and if each ¢; is O-transfer lower semicontinuous in X with respect to
X;, then G satisfies the single player deviation property. Finally, note that G satisfies
the single player deviation property if and only if G is surrogate point secure with
respect to surrogate function H where H; = 0 for each i. Consequently, we have the
following generalization of our Corollary 1, the existence result presented in Example
1 of Prokopovych (2013), and (consequently) Corollary 3.1 in Nessah (2011).

Corollary 3 (to Proposition 2) Suppose that the SSYM game G = (X, <,0,~)lN:1 is
compact and quasiconcave. If G = (X;, %’)lN: | satisfies the single player deviation
property, then G possesses a Nash equilibrium.

We conclude this subsection with an example illustrating the existence of quasicon-
cave, surrogate point secure SF games that fails to satisfy point security and surrogate
point security with H = 0 and also fails to satisfy point security and surrogate point
security with H = u.
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Example2 Let G = (X;, u,-)l.zzl.Here, foreachi, X; := [0, 2], and for x = (x1, xp) €
[0, 117, the payoff u; is defined as follows:

l—x,- ifx,- > X,
ui(xy, x2) == 0 o < x
i = A

For x € [1,2]%\ {(1, 1)}, define u» = 0 and

1 ifl <x; <2andxp =2,
( ) 0 ifl <x;<2and1 <xp <2,
ui(xy, xp) = )
A 2 ifx; =2and xo = 2,

xy — 1 ifxy=2and 1 <x, < 2.

Everywhere else in [0, 2] x [0, 2], the payoffs are identically zero.

This example fails to satisfy surrogate point security with H = u, i.e., the example
fails to satisfy point security. Therefore, this example fails to satisfy surrogate better-
reply security with H = u, i.e., better-reply security. To see this, note that x* = (1, 2)
is not a Nash equilibrium and that (u(1, 2), u2(1, 2)) = (1, 0). Suppose that Vyx is
openin X and (1,2) € V= and let y = (1, 2). For each x; € [0, 2], there exists a
z € Vi with zp < 2 such that u(xq, 2) € {0, 1}. For each x, € [0, 2], let z = (1, 2)
and note that (1, 2) € Vi and uz (1, x2) = 0.

This example fails to satisfy surrogate point security with H = 0. Therefore, this
example fails to satisfy surrogate better-reply security with H = 0. To see this, choose
x = (0, 0) and an open set V containing x. Note that x is not an equilibrium and choose
x1 € [0, 2]. We must show that there existsaz € V suchthatu(xy, z2) —u1(z1, z2) <
0.

If x; = 0, choose zp = 0 and z; so that (z;,0) € V and 0 < z; < 1. Then

ui(x1, z2) —ui(z1, z2) = u1(0,0) —ui(z1,0) =0— (1 —z1) <0.
If0 <Xx; <1, choose zp = 0 and z; so that (z1,0) € Vand 0 < z; < x;. Then
ui(x1,z2) —ui(z1,22) =u1(x1,0) —u(z1,00 = (1 —x1) = (I —z1) <O0.
If 1 <x1 <2, choose zo =0 and z; so that (z1,0) € Vand 0 < z; < 1. Then
ui (X1, z2) —ui(zr, 22) =u1(x1,0) —u1(z1,0) =0—- (1 —z1) <0.

A completely symmetric argument for player 2 establishes the claim.

Finally, in Sect. A.3 of the Appendix, we show that this example satisfies surrogate
better-reply security for H defined as H(x) := u(x) forall x € [0, 11?2 and H x):=0
elsewhere.
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3.3 Surrogate correspondence security

For two subsets A and B of topological vector spaces, we call a correspondence
F : A = B co-closed if the correspondence x +— co(F(x)) has closed graph in the
relative topology on A x B.

Definition 13 (Reny 2016a) An SF game G = (X, u,')lN= | is correspondence secure
if whenever x* is not a Nash equilibrium of G, there exist an open set U containing
x* and a closed correspondence d : U = X with nonempty convex values such that
for each y € U there is a player i such that

ui(zi, x;) > ui(y), forallx’ € Uandz €d;(x').

Definition 14 (Reny 2016a) An SF game G = (X, u,-)lN: | is correspondence secure*
if whenever x* is not a Nash equilibrium of G, there exist an open set U containing
x* and a co-closed correspondence d : U = X with nonempty values such that for
each y € U there is a player i such that

Vi ¢ co{w; € X; :u,-(zi,x/_l-) < ui(wj, y_,')}, for all x’ € U and Zi € di(x/).

The following are the surrogate generalizations of Definitions 13 and 14.

Definition 15 An SSYM game G = (X;, (pi)lN: | is surrogate correspondence secure
if there exists a function H : X — R such that, whenever x* is not a Nash equilibrium
of G, there exist an open set U containing x* and a closed correspondenced : U = X
with nonempty convex values such that for each y € U there is a player i such that

¢i((zi, x";), x") + Hi(x") > Hi(y), forallx’ € Uandz; € d;(x).

Definition 16 AnSSYM game G = (X, fpi),N: | issurrogate correspondence secure™
if there exists a function H : X — R such that, whenever x* is not a Nash equilibrium
of G, there exist an open set U containing x* and a co-closed correspondenced : U =
X with nonempty values such that for each y € U there is a player i such that

yi ¢ cofw; € X; 1 ¢i((zi, x), x") + Hi(x") < @i ((wi, y—i), y) + Hi ()}

for all x” € U and for all z; € d; (x).
Generalizing Definition 3.2 in Nessah (2011), we also have:

Definition 17 An SSYM game G = (X;, (p,-)lNzl is said to be generalized weakly
transfer continuous if whenever x* € X is not a Nash equilibrium of G, there exist
an open set U containing x*, a closed correspondence d : U = X with nonempty
convex values and a player i such that

inf ¢ ((zi,x";),x") >0

(',zi)€ly,

where I'y; denotes the graph of the correspondence d; : U = X;.
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Note that if G = (X;, cp,-)lN: | is generalized weakly transfer continuous, then G is
surrogate correspondence secure with respect to surrogate function H : X — RV,
where H; = 0 for each i.

We now present our main existence result for pure-strategy equilibria and then
discuss the proof technique and the relationship between Theorem 1, Theorem 5.6
in Reny (2016a), and Theorem 4 in Nessah and Tian (2016). Note that Theorem
1 extends Theorem 5.6 in Reny (2016a) to reflexive, complete relations that admit
a skew-symmetric representation satisfying surrogate correspondence security*. In
addition, Theorem 1 provides an alternative route to Theorem 3.1 of Nessah (2011)
using our surrogate security concept rather than the qualitative games approach of
Theorem 5 in Prokopovych (2013) (see Example 1 in Prokopovych (2013)).

Theorem 1 Suppose that G = (X;, (,01-)?/:1 is a compact SSYM game with X; convex
foreachi. If G satisfies surrogate correspondence security*, then G possesses a Nash
equilibrium.

There are two ways to prove Theorem 1. In the first, we could use the surrogate
function to construct a surrogate game based on that found in the proof of Theorem
5.6 in Reny (2016a), and then use the argument in that proof to establish existence.
Alternatively, we can prove Theorem 1 as an application of Theorem 4 of Nessah and
Tian (2016) by using the surrogate function to construct an “inherited correspondence”
as defined in that paper. For the sake of completeness, however, we will provide a self-
contained proof that adapts the argument of Theorem 4 of Nessah and Tian (2016)
directly to our framework. This proof highlights the role of the surrogate function
in defining a surrogate game whose evaluations satisfy reflexivity, completeness and
transitivity and to which Reny’s (2016a) Theorem 5.6 can be applied. The reader can
find the proof of Theorem 1 in Sect. A.1 of the Appendix.

Remark 7 The hypothesis of Theorem 1 is sufficient for existence but not necessary.
Indeed, the quasiconcave SF game G = (X;, u,-)izzl, where X1 = X, = [0, 1],
upy =0, and

1 if (x1,x2) =(1,0),

ui(xy, x2) =
0  elsewhere,

can be shown to violate surrogate correspondence security*, and yet the point (1, 0)
is a Nash equilibrium.

3.4 Surrogate payoff security and reciprocal upper semicontinuity

Better-reply security for strategic-form games (and its extension to SSYM games)
is quite general so it is useful to identify conditions that are stronger than better-
reply security but easier to check. In the case of strategic-form games, Reny (1999)
identifies two conditions whose conjunction implies better-reply security. We next
provide surrogate generalizations of these conditions that can be applied in the SSYM
framework.

Deﬁnitioi 18 A function H : X — RN satisfies reciprocal upper semicontinuity if
(x,n) € 'y and H(x) < nimply that H (x) = n.
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Remark8 If Y, H; : X — RY is upper semicontinuous, then H satisfies reciprocal
upper semicontinuity.

Definition 19 An SSYM game (X;, <p,-)fV: | 18 surrogate payoff secure if there exists
a function H : X — RY such that for each x € X, y € X, ¢ > 0 and i, there exists
an X; € X; and an open set Vy with x € V, such that

@i ((Xis 2-i), 2) + Hi(2) = @i ((yi, x-i), x) + Hi(x) —e, forallz € Vi.

Proposition 3 Suppose that H : X — RY is bounded and satisfies reciprocal upper
semicontinuity. If G = (X;, (p,')lN: | is surrogate payoff secure with surrogate function
H, then G is surrogate better-reply secure with surrogate function H.

Proof Suppose that (x*, a*) € Ty and x* is not an equilibrium. Then, reciprocal
upper semicontinuity implies that H (x*) = a* or H;(x*) > « for some i. Suppose
that H (x*) = o*. Since x™* is not an equilibrium, there exists an i and y; € X; such
that

@i (i, x*), x*) > 0.
Choose ¢ > 0 so that ¢; (i, x*,),x*) —e = y > 0. Applying surrogate payoff
security, there exists an x; € X; and an open set Vi with x* € V=« such that

0i((Xi,z2-),2) + Hi(@) = @i (i, x2), x") + Hi(x*) —e =af +y

for all z € Vy+. Suppose that H; (x*) > a;" for some i. Choose ¢ > 0 and y > 0 so
that H; (x*) — & = af + y. Then applying surrogate payoff security again, there exists
an X; € X; and an open set V,» with x* € Vy= such that

0i((Xiz—i), ) + Hi(2) = ¢i (i, XX, x) + Hi(x™) —e > Hi(x") —e =a] +y

for all z € V. O

4 Games of incomplete information: behavioral strategy equilibrium

We borrow notation and terminology from Carbonell-Nicolau and McLean (2018)
wherever possible. If S is a compact metric space, then B(S) denotes the o -algebra of
Borel subsets of S, and A(S) represents the set of Borel probability measures on S.
In addition, C(S) denotes the set of all real-valued continuous maps on S.

4.1 Bayesian games

We begin with a general formulation of a Bayesian game. We then introduce the notion
of a Bayesian game with a skew-symmetric (resp. utility) representation.

Definition 20 A Bayesian game is a collection

N
i=1"

I' = ((Tivl];)’Xi’ ih p)
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where

{1,..., N}is afinite set of players;

(T;, T;) is a measurable space, where T; is player i ’s nonempty type space;
X; is player i’s action space, a nonempty compact metric space;

~~; is abinary relation on the set of Borel probability measures on 7 x X, A(T x X),
where T := xlle and X := xlle,, and

e p is a probability measure on (7, ®fv: 17:) , denoting the common prior over type
profiles.

4

We denote by p; the marginal probability measure induced by p on 7j, i.e., p; isa
probability measure on (7;, 7;) defined by

pi(8) = p(§ x T_p).

For each (T}, 7;) and X;, C(T;, X;) will denote the space of integrably bounded
Carathéodory integrands on 7; x Xj, i.e., the functions f : 7; x X; — R that are
integrably bounded and (7; ® B(X;), B(R))-measurable with f(#;,-) € C(X;) for
eacht; € T;.

The product o -algebra @ -1 T; will be denoted by 7, and A(T', T) will represent
the set of probability measures on the measurable space (7', 7).

4.2 Strategies

Definition 21 Let ' = ((7;, 7). Xi, Zi. p ) _, be a Bayesian game. A pure strategy
foraplayeriinT"isa(7;, B(X;))-measurablemaps; : 7; — X; with the interpretation
that, upon learning her type #; € T;, a player i selects the action s; (#;) from the set X;.

Let P; denote the set of pure strategies for player i, and set P := xlNz P

Definition22 Let I’ = ((T,,T) Xi, =i, p)f.V:l be a Bayesian game. A behavioral
strategy for player i in I" is a transition probability with respect to (7;, 7;) and
(Xi, B(X;)), i.e., a mapping

o; : B(X;) x T; — [0, 1],

where o;(-|t;) € A(X;) for each t; € T; and 0;(A]") : T; — R is a (7;, B(R))-
measurable function for each A € B(X;).

The set of behavioral strategies for player i will be denoted by );, and ) will
represent the Cartesian product xlN Vi

A Bayesian gameF—((T,,T) Xi, =i, ) _, admits a skew-symmetric (SSYM)
representation  if, for each i, there exists a bounded and

4 Observe that no topological structure is imposed on T;.

5 An (7; ® B(X;), B(R))-measurable function f : 7; x X; — R is integrably bounded if there exists a
pi-integrable function ¢ satisfying | f (#;, x;)| < ¢(t;) for all (#;, x;) € T; x X;.
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([®lN:17?] ® [®1N218(Xi)] ® [®f\’:18(X,~)], B(R)) -measurable map ¥; : T X X X
X — R satisfying

Yi(t,x,y) = —vy;(t,y,x), forall (t,x,y)eT x X x X,

such that the map ¥; : ) x V — R defined by

W(ou)—// // Yi(t, x,y)
XN X1 J XN X1

Ho, (dx;lt}) ]"[ wj(dyjlt)) | p(do)

j=1

ey

satisfies the following:

[®0jl*p Zi [®jujl*p s ¢¥;(o,pn) >0, forall (o,pn) e x),

where, given v € ), [®v;] * p denotes the probability measure in A(T x X) defined
by

N
([®;vjl* p)(Ax By x --- x By) 3=fA l_[ v;(Bjlt;) | p(de).
=1

In this case, we write I' = ((T;, 7;), X;, ¥, p) _, and we call I" an SSYM Bayesian
game.

The game I" has a utility representation if there exists, for each i, a payoff function
u;j : T x X — Rsuchthat y;(¢, x, y) = u;(t, x) —u;(t, y) foreach (x, y) € X x X.
In this case we write I' = ((T;, 7;), X;, u;, p)lN=1 and we call ' a Bayesian game
with a utility representation.

For every pure-strategy s; € P;, there is a corresponding “pure” behavioral strategy
oisi € Y; defined by

0, (Alt;) == 8y, (A),

where 8, ;) € A(X;) denotes the Dirac measure with mass point s; (#;).
Fors; € P;ando_; € Y_;, define

V(i o) =900, o).
To define the topology for the sets );, let Ez be the space of uniformly finite transition
measures with respect to (7;, 7;) and (X;, B(X;). Recall that C(T;, X;) denotes the

space of integrably bounded Carathé odory integrands on 7; x X;.

Definition 23 The narrow topology on /: is the weakest topology with respect to
which all functionals in the set

{¢r: f el X}
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are continuous, where ¢ : E, — R is defined for each f € C(T;, X;) as
Cr(p) == /T /X S, xi)pu(dxilt) pi(de;).

We view ); as a subspace of El endowed with its relative topology, and the Cartesian
product ) is endowed with the corresponding product topology. The following lemma
is a consequence of Theorem 2.3 in Balder (1988).

Lemma 2 )); is a compact, convex subspace of the topological vector space L;.

4.3 Equilibrium existence

Definition 24 A Bayes—Nash equilibrium of a Bayesian game I' = ((T;, 7;), X;,
iy p)f.\’:l is a profile (o1, ..., on) € Y such that for each i and u; € )i,

[®;0jl*p Zi i ® (®;£i0))]* p.

It is easy to see that a Bayes—Nash equilibrium of an SSYM Bayesian game I' =
(T;, 7)), Xi, ¥, p)lN:1 is a Nash equilibrium of the SSYM game Gr defined by

N

GF = (yis '/’i),-zl ’ (2)

where ¥; : V x V) — Ris given by (1), i.e., a profile (o1, ..., ony) € Y such that for
each i,
V¥ ((1i,0-i),0) <0, forall u; €Y.

Carbonell-Nicolau and McLean (2018) introduced a notion of uniform payoff secu-
rity for games of incomplete information, and the following extensions are proposed
here.

Definition 25 An SSYM Bayesian game ((7;, 7;), X;, Vi, p)f»V:l is uniformly surro-
gate payoff secure if there exists a bounded function H : T x X — R such that for
eachi,e > 0,ands; € P;, there exists sl.* € P; suchthatforall (r,x,y) e T x X x X,
there exist neighborhoods V, and V), of x and y, respectively, such that

Vit (7)), x2), Y + Hi(t, ') > (e, (si (1), x—i), y) + Hi (£, y) — €,
forall (x, ") € Vi x Vy.

Remark 9 Suppose that I" = ((7;, 7;), X;, u;, p)lN:] is a Bayesian game with a utility
representation. If I' is uniformly payoff secure in the sense of Carbonell-Nicolau and
McLean (2018, Definition 9), then I" satisfies both uniform surrogate payoff security
and weak uniform surrogate payoff security for the surrogate function H = u.

For SSYM Bayesian games, our existence results are presented in terms of Defini-
tion 25. In the special case of Bayesian games, we can prove stronger results in terms
of a weaker notion (Definition 26 below).
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Fix an SSYM Bayesian game ((T;, 7;), X;, Vi, p)fv=1 and suppose that for each i,
H; : T x X — R is bounded and ([®§V:17}] ® [®§V:13(Xj)], B(R)) -measurable.
Then one may define H; : ) — R as follows:

N
H; (o) :=// o | Hi(t,x) l—[aj(dx]-|tj) p(dr).
T JXy X iz

The following two results are instrumental in proving our first main existence
result. Surrogate payoff security for surrogate function H (in Lemma 3) and upper
semicontinuity of the map ZlNzl H;(-) (in Lemma 4) are defined with respect to the
narrow topology (see Definition 23). The proof of Lemma 3 is relegated to Sect. A.2.
Lemma 4 is an immediate consequence of Lemma 3 in Carbonell-Nicolau and McLean
(2018).

Lemma 3 Suppose that the SSYM Bayesian game ((T;, T;), Xi, ¥, p)lN=1 satisfies uni-
form surrogate payoff security with surrogate function H. If H; : T x X — R is
bounded and <[®§y:1’7-] ® [®§V:13(Xj)], B(R))-measurable foreach i, and if p is
absolutely continuous with respect to p1 ® - - - @ pn, then the game Gr defined in (2)
is surrogate payoff secure with surrogate function H.

Lemma4 Given an SSYM Bayesian game ((T;, T;), X;, Vi, p)fvzl, suppose that for
eacht € T, the map ZzN=1 Hi(t,:) : X — R is upper semicontinuous. Suppose
further that p is absolutely continuous with respect to p1 ® - - - Q pn. Then the map
ZlN:l H;(-) : Y — R is upper semicontinuous.

Theorem 2 Suppose that the SSYM Bayesian game I = ((T;, T;), X;i, Vi, p)f-\’:l sat-
isfies uniform surrogate payoff security with surrogate function H. Suppose that

H; : T x X — R is bounded and ([®§.V:17j] ® (@), B(X))]. B(R))-measumble

for each i. Suppose further that for each t € T, the map ZZN=1 Hi(t,)): X > Ris
upper semicontinuous. If p is absolutely continuous with respect to p1 ® - -+ Q pn,
then I possesses a Bayes—Nash equilibrium.

Proof For each i, ); is a compact, convex subspace of a topological vector space
(Lemma 2), and for each o € Y, the map ¥;((-, 0—;), o) : Vi — R is quasiconcave.
Hence, because the map Z,N: 1 H;(-) : Y — Ris upper semicontinuous (Lemma 4),
and the game Gr defined in (2) is surrogate payoff secure for H (Lemma 3), it follows
from Proposition 3 and Remark 8 that I" possesses a Bayes—Nash equilibrium. O

The analysis for SSYM Bayesian games with a utility representation is analogous
to that for general SSYM games. In this case, we can prove a stronger existence result
in terms of the following definition.

Definition 26 A Bayesian game with a utility representation ((7;, 7;), X;, u;, p)lN=1
satisfies weak uniform surrogate payoff security if there exists a bounded function
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H: T x X — RY such that for each i, ¢ > 0, and s; € P;, there exists s¥ e P; such
that for all (z, x) € T x X, there exists a neighborhood V, of x such that

ui(t, (s (1), z—i)) — ui(t, 2) + Hi(t, 2)
> u;(t, (si(t), x—;)) —u;j(t,x)+ Hi(t,x) —e, forallz € V,.

The following lemma is the analog of Lemma 3 for Bayesian games.

Lemma5 Suppose that the Bayesian game with a utility representation ((T;, T;), X;,
uj, p) lN: | satisfies weak uniform surrogate payoff security with surrogate function H.

IfH; : T x X — Ris bounded and ([®§-V:1'Tj] ® [®§y:13(Xj)], B(R))—measurable

for each i and if p is absolutely continuous with respect to p1 Q@ --- Q pn , then the
game Gr defined in (2) is surrogate payoff secure with surrogate function H.

Theorem 3 Suppose that the Bayesian game with a utility representation I' =
«(T;, 7)), Xi, u;, P),N: | satisfies weak uniform surrogate payoff security with surrogate

function H . Suppose that H; : T x X — Ris bounded and ([®9’:1 Ti1® [(X);.V:1 B(X )],

B(R))-measurable for each i . Suppose further that for each t € T, the map
ZlNz | Hi(t,-) : X — R is upper semicontinuous. If p is absolutely continuous with
respectto p1 @ -+ - ® pn, then I possesses a Bayes—Nash equilibrium.

Proof For each i, ); is a compact, convex subspace of a topological vector space
(Lemma 2), and for each o € Y, the map ¥;((-,0—;), o) : Vi — R is quasiconcave.
Hence, because the map Z,N: 1 H;(-) : Y — Ris upper semicontinuous (Lemma 4),
and the game Gr defined in (2) is surrogate payoff secure for H (Lemma 5), it follows
from Proposition 3 and Remark 8 that I" possesses a Bayes—Nash equilibrium. O

4.4 Example

Intransitivities arise naturally in games when the players’ actions reflect the preferences
of a group of individuals. We have in mind strategic interactions among groups that
take collective actions. In this section, we provide a simple example illustrating this
idea as an immediate application of Theorem 2.

There are two groups of individuals (or organizations), A and B, which are viewed
as “the players.” Group i € {A, B} has n; members. Each group i € {A, B}
observes a private signal #; from an arbitrary measurable type space (7;,7;) and
makes a collective choice from an action space X;. The groups’ actions are taken
simultaneously. To keep matters simple, assume that each X; is finite. The pref-
erences of an individual k € {1,...,n;} of group i € {A, B} over profiles of
types and actions in T x X, where T := T4 x Tp and X := X4 x Xp, are rep-
resented by a ([®ie(a,87i] ® [Qie(a,ByB(X;)], B(R)) -measurable utility function
ugr T xX—R.

The game played by the two players A and B is

F=((T. ). Xi. Zis P)icya ) -
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where, for eachi € {A, B} and (o, u) € YV x ),
[®joil*pZi[®jujl*p s ¥(o,n) >0,
where ¥; is defined as in (1) and where ¥; : T x X x X — R is defined by

Vit x,y) = #{k u o, x) > o, )} —#{kug o x) <ugpt ).

Note that, according to these preferences, the net plurality within group i (defined as
the difference between the number of group members preferring one action profile
over another) determines the group’s aggregate preferences over action profiles. It is
well known that majority voting yields—except in very special cases—an intransitive
aggregate preference relation. Consequently, the game defined above features intran-
sitivities that cannot be handled by the extant literature on the existence of equilibrium
in Bayesian games.

The game G admits a skew-symmetric representation. Indeed, for each i €
{A,B} and (t,x,y) € T x X x X, ¢i(t,x,y) = —vi(t,y,x). Thus, ' =
(T;, Tp), Xi, ¥, Pic(A,B) is the associated SSYM Bayesian game. An immediate
implication of Theorem 2 is that I" possesses a Bayes—Nash equilibrium.

4.5 Mixed-strategy equilibria in complete information games

Recall that if S is a compact metric space, then B(S) denotes the o -algebra of Borel
subsets of S, and A(S) represents the set of Borel probability measures on S.

Definition 27 Given an SSYM, compact, metric game G = (X;, <p,-)l.N= |» the mixed
extension of G is the SSYM game (A(X;), ¢l-)lN:1, where

@ : [XLA(Xj)] x [ijIA(Xj)] SR

is defined by

(0,'(/L,V)=/ / / / @i (x, y)pr(dxy) -+ - uy(dxy)vi(dyr) - - - v (dyn).
Xy X1 JXy X

Definition 28 below specializes Definition 25 to the case of complete information
SSYM games and Theorem 4 below follows immediately from Theorem 2.

Definition 28 An SSYM game (X;, <p,-)lN: | satisfies uniform surrogate payoff security
if there exists a bounded function H : X — RY such that for every i, n; € X;, and
¢ > 0, there exists 77; € X; such that for all (x, y) € X x X there exist neighborhoods
Vy and V), of x and y, respectively, such that

@i (@, x_), YN+ Hi (v) > @i((min x—i), y)+ Hi(y)—e, forall (x',y) € Vy x V.
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Theorem 4 Suppose that G = (X;, (p,-)lNzl is a compact, metric SSYM game with @;
bounded and (B(X), B(R))-measurable for each i and suppose that G satisfies uni-
form surrogate payoff security with surrogate function H. If H : X — R" is bounded
and (B(X), BRN))-measurable, and lleNzl H; : X — R is upper semicontinuous,
then the mixed extension (A(X;), (p,-)lN: | has a Nash equilibrium.

Definition 29 below specializes Definition 26 to case of complete information
strategic-form games and Theorem 5 is an immediate consequence of Theorem 3.

Definition 29 An SF game (X;, u;) lN: | satisfies weak uniform surrogate payoff secu-
rity if there exists a bounded function H : X — RY such that for every i, n; € Xi,
and ¢ > 0, there exists ; € X; such that for all x € X there exists a neighborhood
V, of x such that

wi(M;,z2—) —ui(2) + Hi(2) > u;(mi, x—;) —u;(x) + Hi(x) —e, forallz e V,.

Theorem 5 Suppose that G = (X;, ui)f.vzl is a compact, metric SF game with u;
bounded and (B(X), B(R))-measurable for each i and suppose that G satisfies weak
uniform surrogate payoff security with surrogate function H : X — RN.If H is
(B(X), BRN))-measurable, and lelN=1 H; : X — Risupper semicontinuous, then
the mixed extension (A(X;), u,-)lN:1 has a Nash equilibrium.

Remark 10 If G = (X;, ui)f\': | is an SF game satisfying uniform surrogate payoff
security (Definition 25) with surrogate function H, then G satisfies weak uniform
surrogate payoff security (Definition 29) with surrogate function H. To see this, fix
i,n; € X;,and ¢ > 0. Then, there exists ; € X; such that for all x € X there exist
neighborhoods V| and V" of x such that

wi (@i, x2) —ui(y) + Hi(y) > ui(mi, x—i) — ui(x) + Hi(x) — ¢,
forall (x',y") € V] x V.

Defining V, = V, N V!, it follows that, for each z € V,,
ui (M, 2—i) — ui(2) + Hi(z) > ui(mi, x—i) — u;i(x) + Hi(x) —e.

Example 3 There are SF games that violate Monteiro and Page’s (2007) uniform payoff
security but satisfy weak uniform surrogate payoff security. Indeed, consider the two-
player game from Example 1, G = ([0, 1], [0, 1], u1, u3), where u» = 0 and

if x; € [0, 1) and x, =0,
if x; € [0, 1) and xp # 0,
ifx;=1andxp, =0,
if x; = 1 and xp # 0.

ui(xy, xp) :=

—_— N OO =
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This game fails Reny’s (2016a) point security (Remark 4). Since uniform payoff
security implies point security, it follows that G also fails uniform payoff security.®

To see that G satisfies weak uniform surrogate payoff security with surrogate func-
tion H = 0, choose y; € [0, 1], & > 0, and x € [0, 113.If xo > O and x; < 1 then for
z€[0, 1% withzy > 0 and z; < 1 we have

ui(l,z2) —ui(@) =1=1—¢e>=ui(yr, x2) —ui(x) —e.
If x, = 0 and x; < 1 then for z € [0, 1]* with z; < 1 we have

ui(l,z2) —ui(@ =1=>1—¢ > ui(yr, x2) —ui(x) —e.
If x, = 0 and x; = 1 then for z € [0, 1]> we have

ui(l,z2) —u1(2) 20> 0—¢ > ui(yr, x2) —ui(x) —e.
If x, > 0 and x; = 1 then for z € [0, 1]2 with zp > 0 we have

ui(l,z2) —u1(z) =0=>0—¢e > u(y;, x2) —ug(x) —e.

A Appendix
A.1 Proof of Theorem 1

Theorem 1 is restated here for the convenience of the reader.

Theorem 1. Suppose that G = (X, goi)lN: | is a compact SSYM game with X; convex
Joreachi.lIf G satisfies surrogate correspondence security*, then G possesses a Nash
equilibrium.

Proof Suppose that G satisfies surrogate correspondence security* with surrogate
function H. Suppose that G has no Nash equilibrium. We will adapt the proof of The-
orem 4 in Nessah and Tian (2016) and construct a new game G* with two players «
and B, each with the same strategy set X. We will then show that the game G* satisfies
the hypotheses of Reny’s (2016a) Theorem 5.6, implying that G* has a Nash equilib-
rium, and that this implies that the game G has a Nash equilibrium. This contradiction
establishes the result.
Suppose that G has no equilibrium.

Step 1 Define a new game G* = (X, X, %o, ZZp) With two players, each of whom
has strategy set X. The preferences of player « are defined as follows:

(Ea 7)) />\:D( (-xa y) ifand Only lf ’/‘a(n, E) 2 ua(yvx)a

6 TItis easily seen that G also fails Allison and Lepore’s (2014) disjoint payoff matching. However, as
pointed out by a referee, this game does satisfy uniform diagonal security of Prokopovych and Yannelis
(2014).
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where uy, : X x X — R is defined as

_oire=n,
ug(§,n) = 0 ifE £,

The preferences of player 8 are defined as follows:

(&, m) Zp (x,y)ifand only if f;(n;, &) > fi(yi, x) forall i,

where f; : X; x X — R is defined as follows:

fiGi,m) = @i((i, n—i), n) + Hi(n) for each i and each (§;,7) € X; x X.

Applying Definition 5.4 in Reny (2016a), we claim that the game G* = (X, X, Zq,
2p) is correspondence secure with respect to / = {8}. To see this, suppose that G* is
not correspondence secure with respect to I = {f}. As per the definition of B on p.
556 of Reny (2016a), note that

By ={(x,y) e X x X :x =y}.

Then, there exists an (xq, Xg) € B{g) such that (x4, xg) is not a Nash equilibrium
in G* and the following holds: for every neighborhood U of (x4, xg) and every co-
closed correspondence (dy, dg) : U — X x X with nonempty values, there exists a
(Ya» ¥g) € UN Bygy such that, for some (x/,, xl’g) € UN Bjgyandsome z € dg(x,, xl’s),

yp € co{w € X : (Yo, w) Zp (x5, 2)}.

Given the definition of Bjg, we conclude that there exists x* € X such that (x*, x*)
is not a Nash equilibrium of G* and the following holds: for every neighborhood U of
(x*,x*) in X x X and every co-closed correspondence (dy, dg) : U — X x X with
nonempty values, there exists a y* € X with (y*, y*) € U such that for some x’ € X
satisfying (x, x’) € U and some z € dg(x’, x'),

Y* ecofw e X : (v*,w) p (¢, D)}
Step 2 Note that x* is not a Nash equilibrium of G since (x*, x*) is not a Nash
equilibrium of G*. Applying surrogate correspondence security* (Definition 16), there

exists an open set V containing x* and a co-closed correspondence § : V — X such
that the following holds: for every y € V there exists a player j such that

yj gcofwj € X;: fi(g;,8) < fi(wj, y)}
whenever & € Vand ¢; € §;(§). Let U :=V x V and define (dy(x, y), dg(x, y)) :=

(8(x),8(y)) for all (x,y) € V x V. Then, U is an open set in X x X containing
(x*,x*) and it is easily verified that (dy,dg) : U — X x X is co-closed with

@ Springer



958 0. Carbonell-Nicolau, R. P. McLean

nonempty values. Applying Step 1, there exists y* € V such that for some x’ € V
and some z € dg(x’, x),

y ecolwe X : (v, w) Zp (', 2)}. 3)
Since y* € V, x’ € V, and z; € §;(x’) for each i, it follows that there exists a player

J such that
yi¢cofw; € X1 fi(zj, x) < fi(wj, yH}. “)

Since
cofw € X : (y*,w) Zp (X', 2)} =cofw € X : fi(w;, y*) > fi(zi, x") foreach i}

N
= co (ﬂ{w € X filwi,y) = fi(zl»x/)}>

i=1

cofw € X : fi(wi, y") = fizi, x)},

-

S

i=1

(3) implies that

y ecolwe X : fi(wj, y*) = fi(zj, x"},
contradicting (4). This establishes that the game G* = (X, X, 7o, ) is correspon-
dence secure with respect to I = {f} (according to Definition 5.4 in Reny (2016a)).
Step 3 The game G* = (X, X, 224, ) satisfies the assumptions of Theorem 5.6 in
Reny (2016a). Therefore, G* admits a Nash equilibrium (¥, X) € X x X, i.e., for each

i and for all y; € X;,
Ji(xi, x) > fi(yi, x) for all i.
Therefore, ¢; ((y;,x_;),x) < 0 for each i and for all y; € X; implying that X is a

Nash equilibrium in G. This last contradiction proves the theorem. O

A.2 Proof of Lemma 3
A.2.1 Preliminary lemma

Lemma 6 Suppose that the SSYM Bayesian game ((T;, T;), X;, ¥, p)lN=1 satisfies uni-
form surrogate payoff security with surrogate function H. Suppose that H; : T x X —
R is bounded and ([®§v:17'j] ® [®§y:13(X.,')], B(R))-measumblefor eachi. If pis
absolutely continuous with respect to p1Q- - -Q pn, then foreachi, e > 0,ands; € P;,
then there exists s} € P; such that for every o € Y, there exists a neighborhood V
of o such that

1/f,~((si*, v_i), V) + H;(v) > ¥,;((si,0-;),0)+ Hi(c) —¢, forallv e Vs. (5)
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Proof Fixi,e > 0,ands; € P;.Let f be adensity of p withrespectto p; ®---® py.
To lighten the notation, let P := ®§V pj- Let T*(P) denote the P-completion of 7°

and let P* denote the unique extension of P to 7*(P). Let
T = () TP
PeA(T,T)

denote the universal completion of 7. Note that 7 € 7* C 7*(P) and, abusing
notation slightly, we will use P* for the restriction of P*to 7 *. Note thatifh : T — R
isabounded, (7', B(R))-measurable map, then / is a bounded (7 *, B(IR))-measurable
map and

/h(l)P(dt):/h(t)P*(dt).
T T

Uniform surrogate payoff security gives s;* € P; such that for every (¢, x, y) €
T x X x X, there are neighborhoods V, and V, of x and y, respectively, such that

Vit (57 (), x2), ¥y) + Hi(t,y")
€
> (e, (si(t), x—i), y) + Hi(t, y) — >
forall (x', y') € Vi x Vj.

Therefore, for every (¢, x,y) € T x X x X, there are neighborhoods V, and V), of x
and y, respectively, such that

[t (570, 0, ¥') + Hya, Y1)
> [t i) x- ) + Hie ) = 2] F0. 6
forall (x', y') € Vi x Vj.

Defineé : T x X x X — Rby

E(t,x,y) = sup

inf (i (2, (] (t), x1 ) —ui (e, y') + Hi (8, )1 £ (2).
neN (X’,y/)EN% (X)xN% »

Using an argument analogous to that in Step 3 of the proof of Lemma 5 in Carbonell-
Nicolau and McLean (2018), one can show that there exists an open set V,; in ) (open
with respect to the product topology generated by the p;-narrow topology on each
factor );) containing o such that

N N
f//s(t,x,y) [Tvitxiiep | | [vit@yile | P*dey
rJxJx j=1 j=1

N N
&
- J S f g [Tesaston | | [Tyl | Pran =

forall (vi,...,vny) € V,.
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Because for each (¢, x) € T x X there are neighborhoods V, and V), of x and y,
respectively, such that (6) holds, (t, x,y) € T x X x X implies that

(Wi (t, (s7(ti), x—i), y) + Hi(t, )1 f (1)
> £, 3) = [V (i), 223 + i) = 5| ).

This, together with the conclusion in the preceding paragraph, implies that for every
(vlv ey UN) € VU"

Vi ((sf,v_i),v)+ H;(v)

=f//[wf<r, (551 x-), ¥)
TJIXJX

N N
+ Hi(t, )1 (1) {1‘[ v,»(dx,-m)} {1‘[ v,-(dy,-m)} P(dn)
j=1

j=1
=f/f[wi(r, (5510 X_), ¥)
TJXJX

N N
+ Hi(t, )1 (1) {]‘[ v,»(dx,-|r;)} {]‘[ v,-(dy,-m)} P*(dr)

Jj=1 J=1

N
Z///E(t,x,y) ]_[v,(dx,n, Hv](dyj|t]:|P*(dt)
TJXJX ] 1

j=1

N
- [ ] st 1‘[ oy (dx; 1)) H (dy,|r,}P*(dr>—§

/// Yit, (si (), x—i), y)

N
+ H;(t, )] f (@) []‘[ oj(dx; |t,,>} {1‘[ o (dy;lt)) } P*d1) —¢
j=1

. j=1
=f/f[wi(r, (1), %), ¥)
TJXJX

N N
+ Hi(t, p)1f (1) {]‘[ a,-(dxﬂrj)} []‘[ oj(dynrj)} P@dn) —e
j=1

j=1
=v;((s;,0-;),0)+H;(0) —e.

2

This establishes (5). O
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A.2.2 Proof of Lemma 3

We restate Lemma 3 here for the convenience of the reader.
Lemma 3. Suppose that the SSYM Bayesian game ((T;, 1), X;, Vi, p)lN=1 satisfies
uniform surrogate payoff security with surrogate function H. If H; : T x X — Ris

bounded and <[®§V:1’Tj] ® [®1/v:18(Xj)], B(R))-measumblefor eachi,and if p is

absolutely continuous with respect to p1 @ --- ® py , then the game Gr defined in
(2) is surrogate payoff secure with surrogate function H.

Proof Fix (o, u) € Y x Y ,i,and ¢ > 0. Let f be a density of p with respect to
P := p; ®---® py. We must show that there exist o; € ); and a neighborhood V,,
of o such that

¥ (07, v=i),v) + H; (v)

7
> V¥;((ni,0-;),0)+ Hi(c) —e, foreveryve V,. )

By an argument analogous to that in the proof of Lemma 2 of Carbonell-Nicolau and
McLean (2018), there exists s; € P; such that ¥; ((s;, 0—;), 0) > ¥; (i, 0—-i),0) —
£. Consequently, there exists s; € P; such that

¥i((si.0-i),0) + Hi(o) = ¥;((ni,0-i),0) + Hi(0) — ; ®)
By Lemma 6, there exist s} € P; and a neighborhood V,; of o such that
VillsT v, ) + Hi0) > ¥,((51.0-0),0) + Hi(0) = 5. forall v € V.
This, together with (8), gives (7) for some 01.* e V. O

A.3 Proof that the game in Example 2 satisfies surrogate better-reply security

The game was defined as G = (X;, ui)izzl, where for each i, X; := [0, 2], and for
x = (x1,x2) € [0, 1]2, the payoff u; is defined as follows:

1 —x;  ifx; > x_,
wi(x1, %2) =y o < x
= A=l

For x € [1,2]>\ {(1, 1)}, define u» = 0 and

1 ifl <xy <2andxp; =2,
( ) 0 ifl <x;<2and1 < xp < 2,
uy(x1, x2) :=
P 2 if x; =2and x» = 2,

x2—1 ifx;=2and 1 < x, < 2.
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Everywhere else in [0, 2], the payoffs are identically zero.

Suppose that H (x) := u(x) for all x € [0, 11> and H (x) := 0 elsewhere. Suppose
that x = (x1, x2) is not a Nash equilibrium. We consider six cases.
Casel x, = 2,0 < x; < 2. Let x; := 2. Choose ¢ so that z; < 2 and 7, > %
whenever z € B, (x) (here B.(x) represents the open neighborhood of x with radius
g). Note that H(z) = 0 for all z € B,(x) and that (x, &) € 'y implies that o = 0.
Suppose that z € B.(x). Then

2 <2=u1(2,22) —ui1(z1,22) + Hi(z1,22) = (22— 1) =0+ 0 > %
and

2 =2=u1(2,z2) —u1(z1, 22) + Hi(z1,22) = 2 —max{0, 1} + 0 > 1,
implying that

inf [u1(x1,22) —ui(z1, 22) + Hi(z1,22)] > 0.
ZEB:(x)

Case21 <x3 <2,0<x; <2. Letx; :=2.Choose ¢ sothatz; < 2and zp > XZT'H

whenever z € B, (x). Note that H(z) = 0 for all z € By(x) and that (x,a) € Ty
implies that « = 0. Suppose that z € B.(x). Then

xp + 1 xy — 1
u1(2,z2) —u1(z1,22) + Hi(z1,220) =(z2—1) - 040 > 22 —-1= 22 ,

implying that

inf [u1(x1,22) —ui(z1, 22) + Hi(z1, 22)] > 0.
z€B:(x)

Case3x) =1,0 <x; < 1.Choose ¢ sothat 0 < ¢ < 1_2’” and zp > z; whenever
z € Bg(x). Next, we claim that oy = 0 if (x, ) € T'y. To see this, suppose that
(x*, u(x*)) = (x,a). Then x§ > x{‘ for all sufficiently large k. If x§ > 1, then
ur(xky = 0. 1If xlz‘ < 1, then ur(x¥) = 1 — x’z‘. Therefore, us(x¥) — 0. Now let

X2 = x1 + €. Suppose that z € B;(x). Then 1 > x; 4+ ¢ > z1. Therefore,

z2>land x| + ¢ > 71

1—x
= uz(z1,x1 +¢&) —u2(z1,22) + H2(z1,22) = [1 = (x1 + )] -0+ 0 > !

and

7o < land x; + ¢ > 71
= uz(z1, x1 + &) —u2(z1, 22) + Ha(z1, 22)
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-4l - -+ (-2 =1—(x 46 > 1_2”,

implying that
inf [u2(2,%2) —ui1(z1,22) + H(z1,22)] > 0.
z€B:(x)
Case40 <x) < 1,1 <x; <2.Choose ¢ sothat 0 < ¢ < 172“ and 0 <z < 1
and 1 < z; < 2 whenever z € B.(x). Note that H(z) = 0 for all z € B.(x) and that
(x,a) € Ty implies that « = 0. Suppose that z € B.(x). Then zo < x> + ¢ and
72 < 1. Consequently,

1—x
up(xa +6,22) —u1(z1,22) + Hi(z1,z22) = [(1 = (x2 + )] =0+ 0 > 5 2

implying that

inf [u1(x1, z2) —ui(z1, z2) + Hi(z1, 22)] > 0.
z€B:(x

Case50 <xy < 1,x; = 1.Choose ¢ sothat 0 < ¢ < 1_% and z; > z» whenever
z € Bg(x). Next, we claim that oy = 0 if (x, ) € T'g. To see this, suppose that
(x*, u(x¥)) = (x, ). Then x]f > xlz‘ for all sufficiently large k. If xll‘ > 1, then
ur(x¥) = 0. If x¥ < 1, then uy(x*) = 1 — x¥. Therefore, u1(x*) — 0. Now let
X1 = x2 + ¢ and note that x; + ¢ < 1. Suppose that z € B;(x). Then x + ¢ > z5.
Consequently,

zi>landxy +¢ > 2o

1_
= w1+ e 22) —u1 (21, 22) + Hi(z1.22) = [1 — (ta + )] —0+0 > —2

and

zi<landx; +¢& > 23

= ui(x2 +¢&,22) —ui(z1, z2) + Hi(z1, 22)

l—xz
=l-G+ol-d-z)+d-z)>——,

implying that

inf [u1(x1,22) —ui(z1, 22) + Hi(z1, 22)] > 0.
ZEB:(x)

Case 60 < x| < 1,0 < xp < 1. To begin, we claim that for each (x, @) € T, there
exist an 7 such that o; = 0. To see this, suppose that K, u(x*) > (x, ). If xlf > xlz‘
for all sufficiently large k, then u(x¥) = 0 for all sufficiently large k , implying that
ar = 0. Otherwise, there exists a subsequence (xkm |y (x*mY) with x]f”’ < xlzc'” forallm

. Consequently, 11 (x*) = 0 for all m implying that oy = 0. So suppose that oy = 0.
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Choose ¢ so that 0 < ¢ < ]Exz. Note that H(z) = u(z) for all z € Bs(x). Now let
X1 = x2 + ¢ and note that x; + ¢ < 1. Suppose that z € B.(x). Then x> + ¢ > z5.
Consequently,

ui(x + €, 22) — u2(z1, 22) + Ha(z1, 22)
1—x
2 b

=[1— (x2 +&)] —ua(z1,22) +uz2(z1,22) >
implying that

inf [u1(x1,22) —ui(z1, 22) + Hi(z1, 22)] > 0.
ZEB:(x)

A completely symmetric argument applies if ¢ = 0, and the proof is complete.
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